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ABSTRACT OF THE DISSERTATION

Two Contemporary Problems in Magnetized Plasmas: the ion-ion
hybrid resonator and MHD stability in a snowflake divertor

by

William Anthony Farmer
Doctor of Philosophy in Physics
University of California, Los Angeles, 2014
Professor George J. Morales, Chair

The first part of the dissertation investigates the effects of multiple-ions on the propagation
of shear Alfvén waves. It is shown that the presence of a second ion-species allows for
the formation of an ion-ion hybrid resonator in the presence of a magnetic well. A full-
wave description is shown to explain the measured eigenfrequencies and spatial form of the
resonator modes identified in experiments in the Large Plasma Device (LAPD) at UCLA.
However, it is determined that neither electron collisions or radial convection of the mode
due to coupling to either the compressional or ion-Bernstein wave can explain the observed

dissipation.

Ray tracing studies for shear Alfvén waves are performed in various magnetic geometries
of contemporary interest. In a tokamak, it is found that the hybrid resonator can exist in
the cold-plasma regime, but that ion-temperature effects combined with curvature effects
cause the wave reflection point to shift towards the cyclotron frequency of the heavier ion. A
one-dimensional WKB model is applied to a tokamak geometry for conditions corresponding
to a burning fusion plasma to characterize the resonator. Instability due to fusion-born
alpha particles is assessed. An approximate form of the global eigenmode is considered. It is
identified that magnetic field shear combined with large ion temperature can cause coupling
to an ion-Bernstein wave, which can limit the instability. Finally, the radiation pattern

of shear Alfvén waves generated by a burst of charged particles in the presence of two-ion
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species is considered. The spectral content and spatial patterns of the radiated waves are

determined.

The second part of the dissertation considers the MHD stability of the plasma near a
divertor in a tokamak. Two types of modes are considered: a ballooning mode and an
axisymmetric, quasi-flute mode. Instability thresholds are derived for both modes and nu-
merically evaluated for parameters relevant to recent experiments. This is done to determine
whether these modes could be responsible for convection of the plasma in the vicinity of the
poloidal null point. It is determined that MHD instability about a standard equilibrium is
unlikely to explain the experimental results observed on the tokamak, TCV [Reimerdes et
al., Plasma Phys. Contr. Fusion 55, 124027 (2013)]. From these results, it is concluded that
the most likely explanation for the discrepancy is that the underlying equilibrium assumed

in the calculation does not contain all the complexities present in the experiments.
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CHAPTER 1

Introduction

1.1 Historical Perspective

This dissertation examines two contemporary problems in magnetically confined plasmas.
The first is an examination of the properties of shear Alfvén waves in a plasma consisting
of two ion species of differing charge to mass ratios. The second is an examination of
magnetohydrodynamic (MHD) instability in the presence of a poloidal null in a tokamak

divertor.

The impact of multiple ion species on wave propagation in a magnetized plasma has been
investigated for more than a half-century. It was first observed by Buchsbaum that a plasma
with two ion species exhibits a unique frequency, the ion-ion hybrid frequency, that acts as a
collective resonance for waves propagating across the magnetic field [1]. This observation was
also made by Smith and Brice and applied to an ionospheric plasma [2]. This resonance is
primarily due to the vanishing of the perpendicular component of the cold plasma dielectric
tensor, which takes the form

? 1 —w?/w2

TR (1 -2/ (- w9

(1.1)

In the above expression, c is the speed of light, v4, the Alfvén velocity, w, the wave frequency,
(2; is the cyclotron frequency for ion species, j, with plasma frequency, wp;, and wy; is the
ion-ion hybrid frequency, given by,

_ %319% + W;EQQ%

2
Wy, = . (1.2)
wf,l + wfﬁ

This resonance was later verified experimentally by Ono [3] among others. The shear Alfvén

wave propagates predominantly along the magnetic field, with wave energy falling inside
1



a cone, for electrons in both the inertial and adiabatic regimes. This property has also
been verified by experiments [4, 5] and simulations [6]. Because the wave propagates pre-
dominantly along the confining magnetic field, the ion-ion hybrid frequency acts as cutoff
for the wave. This property can be seen from the simplified dispersion relation, valid for

perpendicular scales that are much smaller than the ion skin-depth,

kit =kie, |1 — it : (1.3)
e ke

Here, k| and k; are the parallel and perpendicular wave numbers, respectively, ko = w/c is
the vacuum wave number, and || is the parallel component of the dielectric tensor. Because of
this wave cut-off, the shear wave can reflect upon propagating into a magnetic field gradient.
This reflection occurs when the wave frequency matches the local value of the ion-ion hybrid

frequency, w = wj;.

The important role played by this wave cut-off has long been recognized by the space
physics community. Young et al. [7] observed that ULF wave spectra could be qualitatively
explained by the inclusion of a minority of helium in a background of protons. Motivated
by these observations, Rauch and Roux [8] performed raytracing studies in which multiple
reflections of ULF waves occur at conjugate points where w = w;; in the earth’s dipole field.
Further observations compared magnetic field measurements of GEOS 1 and 2 to ground-
based magnetometers at the magnetic footprints of the satellites [9]. These results were
consistent with wave reflection at the ion-ion hybrid layer in the magnetosphere. Other ob-
servations indicated that narrow-banded waves localized to the auroral region and generated
by an energetic electron beam could be explained by the presence of a two-ion, HT — He™
plasma [10]. The presence of two, conjugate reflection points in the magnetosphere motivated
Guglielmi et al. [11] to conclude that a wave resonator would naturally exist in planetary
magnetospheres. This dissertation refers to this resonator as the ion-ion hybrid resonator,
though it has been referred to by other names. The characteristic resonator spectrum was
computed and compared to data from the ISEE-1 and 2 satellites, but the observed data did
not have sufficient resolution to verify the existence of the resonator. Further understanding

of the ion-ion hybrid resonator was developed in a detailed theoretical study by Mithaiwala
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et al. [12]. This work considered the excitation of the mode as a consequence of man-made
neutral gas release. It concluded that the wave energy could be trapped for several reflec-
tions, and would ultimately dissipate by radial convection and collisional effects. Apart from
playing a key role in magnetospheric resonators, the shear Alfvén wave is also of interest,
because the waves can be driven unstable by energetic ion distributions [13] and pitch-angle

scatter energetic electrons [14].

Experimental evidence of shear wave reflection at the ion-ion hybrid frequency has been
found in both linear devices [15] and tokamaks [16]. Further, experiments in which the
shear wave was indirectly excited through mode conversion processes in a tokamak detected
a discrete frequency spectrum at the plasma edge [17]. This suggests the possibility of an
ion-ion hybrid resonator in a tokamak due to variations in magnetic field strength along a

field line from the outboard to the inboard side.

Excitation of the resonator in a tokamak environment could occur by either mode conver-
sion from an incident compressional wave or excitation by energetic particles introduced into
the plasma either by neutral beams or naturally by alpha particles under fusion conditions.
In current ion-cyclotron frequency (ICRF) heating scenarios, an incident compressional wave
experiences a resonance as it propagates across the magnetic field, resulting in heating of the
minority ion species [18, 19, 20, 21, 22]. Lee et al. [23] reported excitation of ion Bernstein
waves (IBW) through linear mode conversion of an incident compressional wave. This is rel-
evant to the ion-ion hybrid resonator, because, quoting Intrator et al. [17], “the distinction
between IBW and [kinetic Alfvén wave] may be more semantic than real.” More recently on
Alcator C-Mod, minority heating was accomplished by injecting fast waves into deuterium
plasmas with a minority of helium-3 [24]. Toroidal rotation occurred and was shown to corre-
late with the radio-frequency (RF) power injected. Further, a mode converted shear Alfvén
wave was observed, approximately on the same flux surface where the RF flow occurred.
These experimental results suggest that it is possible to excite the resonator indirectly by
mode conversion of the incident compressional wave. Excitation by an energetic ion popula-
tion is supported by a theoretical study performed by Lashmore-Davies and Russell [25], in
which they considered instability of the shear wave by a fusion-born alpha population. They

3



showed that instability does indeed occur in a narrow frequency band close to the ion-ion

hybrid frequency and for certain perpendicular wavelengths.

Study of the resonator in a tokamak geometry has been limited. Shear Alfvén waves are
well understood for frequencies much smaller than the ion cyclotron frequencies [26]. Due
to toroidicity effects, marginally stable eigenmodes exist within frequency gaps and can be
excited by energetic ion populations. This feature is supported by experimental evidence
[27], and theoretical studies are able to qualitatively reproduce the observed behavior [28].
Moiseenko and Tennfors [29] attempted to extend the theory to frequencies above the ion-ion
hybrid in two-ion species plasmas. They identified a new class of modes that can exist at

these frequencies, but they did not consider the possibility of a resonator.

These theoretical and experimental results suggest that the shear wave may be relevant
to the “alpha channeling” concept. Alpha channeling was originally proposed by Fisch and
Rax [30] because the Landau damping of lower hybrid waves by alpha particles was thought
to interfere with current drive in a tokamak reactor. However, as Fisch and Rax showed, by
judicious choice of the diffusion path, the alpha particle diffusion in velocity can be effectively
coupled to diffusion in space, thereby giving growth rather than damping of the lower hybrid
wave. In the process of releasing the alpha particle energy, there is necessarily diffusion of the
alpha particles towards the periphery, which not only releases energy to power the current
drive but also promptly removes the fusion ash and purifies the plasma fuel. During mode-
converted ion Bernstein wave experiments on the Tokamak Fusion Test Reactor (TFTR),
energetic deuterium beam ions were used as surrogate particles in order to examine the
interactions of these energetic particles with the ion Bernstein waves. Anomalously high
loss rates for energetic particles were observed [31, 32]. The high loss rate, in principle,
could be due to either an effect that amplifies the wave field or one that accelerates the
diffusion process. The most plausible explanation was an internal eigenmode excited by the
ion Bernstein wave (IBW) and that interacts with the beam ions [33]. Because of these many

results, it is appropriate to study the ion-ion hybrid resonator in a fusion environment.

The second topic of study in this dissertation, MHD stability near a poloidal null in a

tokamak divertor, is of interest due to the recently proposed snowflake divertor [34, 35]. The
4



snowflake divertor was proposed as a method for reducing heat loads on the divertor plates.
This is necessary because the expected heat loads in a reactor are well beyond the limits
of existing materials. In a standard divertor configuration, the poloidal field strength, B,,
increases linearly with distance from the null point, B, o d, and the separatrices dividing
the core plasma from the scrape-off-layer (SOL) and private flux region form a characteristic
‘X’ shape. In contrast, the snowflake divertor possesses a quadratic dependence, B, o d?,
causing the separatrices to possess a characteristic hexagonal structure, which resembles a
snowflake. The quadratic dependence of the poloidal field strength leads to an increased flux
expansion at the target plates, increased shear in the pedestal region, and stronger squeezing
of magnetic flux-tubes passing near the null-point [36]. The flux expansion reduces heat loads
directly by increasing the area over which the heat is deposited. The increased shear and
stronger squeezing of magnetic flux-tubes will impact plasma instabilities common to the edge
region: edge-localized modes (ELMs) and blobs. Further theoretical investigation concluded
that the magnetic geometry of the snowflake divertor will lead to increased divertor radiation
leading to plasma detachment from the divertor plates, alleviation of the divertor target heat

load, and better control of ELMs [37].

The snowflake divertor has been realized experimentally on the tokamaks, NSTX [38, 39],
TCV [40, 41, 42], and DIII-D [43]. These results demonstrated that a snowflake divertor
can be realized in an H-mode plasma. A reduction in heat loads was observed and ELM
properties were altered. The experiments on NSTX observed impurity screening and partial
detachment as a result of increased radiative losses by the SOL plasma [39], while the ex-
periments on TCV observed that the snowflake divertor would redistribute the edge power
onto additional strike points, allowing for further reductions in heat flux [42, 44]. This redis-
tribution cannot be explained by standard transport processes alone [45] and suggests that
enhanced plasma convection is occurring in the vicinity of the poloidal null. Three possible
sources of the enhanced convection have been proposed: a loss of equilibrium, instability of
an axisymmetric, curvature-driven mode which leaves the toroidal field unperturbed, and a
ballooning instability occurring in the vicinity of the null point [46]. While simple scaling

arguments of these mechanisms have been employed [47, 48|, more detailed investigation is
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necessary to elucidate the cause of the enhanced transport. Further, a detailed understand-
ing of the precise mechanism which is driving this convective process is necessary in order to
optimize the reduction in heat loads. The second portion of this dissertation aims to do just
that by performing a detailed theoretical analysis of both the axisymmetric and ballooning

instabilities.

1.2 Major Results

Chapter 2 presents both experimental data and theoretical modeling of experiments per-
formed on the Large Plasma Device (LAPD) at UCLA. In the experiment, an antenna
launches shear Alfvén waves. The background plasma consists of various mixtures of hy-
drogen and helium, and the background magnetic field is shaped to form a magnetic well
centered on the antenna. The antenna is driven in both monochromatic and pulsed config-
urations. A full-wave description is developed based on a cold-plasma treatment. Electron
collisions are included in the parallel component of the dielectric tensor. Radial density
gradients and coupling to the compressional wave are neglected. Figure 1.1 shows a wavelet
transform of a magnetic field measurement when the antenna is pulsed. The probe is located
inside the magnetic well. Trapped, resonator modes exist between the two ion-ion hybrid
frequencies marked by the red lines labeled w;;(750 G) and w;;(1250 G). The long-lived sig-
nals are identified as the eigenmodes of the cavity. In the bottom panel, cuts are made at
various times, showing the temporal decay of the peaks. The predicted eigenfrequencies are
given by the vertical dash-dotted lines. The quality factors of the observed peaks is found to
be on the order of 20. If dissipation were due to electron collisions alone, the theory predicts
quality factors an order of magnitude greater than that which is observed. In Chapter 3,
ray tracing is used to assess whether radial convection of the mode caused by coupling to
the compressional and ion-Bernstein waves could account for the observed quality factors.
While this is an important dissipation mechanism, even with the radial spreading of the
mode, the predicted quality factor is still too large by a factor of five. It is also determined

that ion-neutral collisions, ion-cyclotron damping, and electron Landau damping are unlikely
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Figure 1.1: (a) Color contours of Morlet wavelet amplitude of magnetic field fluctuations
show the response of the H* - He™ resonator after excitation with a current impulse of
width At = 7 at ¢ = 0. The plasma is 45% hydrogen and the probe is at z = +128 cm,
r = +17.5 cm. (b) Instantaneous wavelet spectra obtained from vertical cuts in (a) at four

different times. Vertical dashed lines are the predicted resonator eigenfrequencies.



to provide the necessary dissipation. Future investigation should explore the role of radial
density gradients on mode conversion processes, and transit time acceleration of electrons in

the reflection region. However, these effects are beyond the scope of this dissertation.

Chapter 3 uses ray-tracing to explore the propagation of shear Alfvén waves in the pres-
ence of two-ion species in three magnetic geometries of contemporary interest: a linear
device relevant to studies on LAPD, a pure toroidal field relevant to studies on the Enor-
mous Toroidal Device (ETPD) at UCLA, and a tokamak. The studies on LAPD and ETPD
both illustrate the presence of radial reflections due to coupling to the compressional and
ion-Bernstein wave. In the presence of a pure toroidal field, the curvature of the field line
is shown to preferentially increase k; in the direction opposite the field line curvature. This
causes several radial reflections to occur over the trajectory of the ray. In a tokamak, these
radial reflections could be used to focus the ray, prolonging the time for which the wave
energy is radially confined. Figure 1.2 illustrates ray propagation in a tokamak with ITER-
like parameters. A poloidal cross-section of the ray trajectories is displayed with the rays
undergoing large toroidal displacements over the trajectories shown. The blue curve illus-
trates ray propagation when ion-temperature effects are negligible. The ray is launched from
the position » = 50 cm, z = 20 cm. Initially, it propagates outward across the nested flux
surfaces until it experiences a radial reflection, at which point, it wanders inward towards
the magnetic axis. Because ion-temperature effects are negligible, the ray reflects at roughly
the same location in r, where the wave frequency matches the local ion-ion hybrid frequency.
The red dashed curve illustrates the ray trajectory when finite ion temperature effects are
included. For this ray, parallel reflection no longer occurs when the wave frequency matches
the local ion-ion hybrid frequency. Instead, the reflection point becomes dependent on the
value of k. Since the curvature of the field line preferentially increases k, in the direction
opposite to the field-line curvature, the reflection point recedes towards the tritium cyclotron
frequency as the ray propagates. The red dashed curve shown in the figure is not a trapped
mode, because the size of the well expands to such a degree that kinetic damping processes

would dissipate the mode before reflection could occur.

To better understand under what conditions trapped modes can exist in a burning plasma,

8



Figure 1.2: Poloidal projection of ray trajectories in ITER. Vertical axis represents vertical
displacement of a ray from the magnetic axis, and the horizontal axis represents the radial
displacement from the magnetic axis. The black dashed lines represent the nested flux
surfaces. The solid (blue) curve is a ray for which the cold plasma dispersion relation is
used, and the dashed-dotted (red) curve uses the hot-ion dispersion relation. Both rays
have an initial perpendicular wave number that points towards the magnetic axis. The
direction of the gradient of the toroidal field strength is shown; the perpendicular wave
number preferentially increases in the opposite direction of this gradient. The cold ray is
trapped within the magnetic well. It wanders outward across magnetic flux surfaces before
propagating inward due to the perpendicular reflection examined earlier for ETPD. The hot
ion result is not confined due to the reflection point moving towards the inboard side of the

device as the perpendicular wave number increases.
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Figure 1.3: Radial dependence of resonator parameters. Horizontal axes correspond to radius
from magnetic axis. Plasma parameters and safety factor are given in Fig. 4.6. Magnetic field
strength is given by Eq. (4.45) with By = 53 kG and R = 621 c¢m; perpendicular wavelength
is A, = 10 cm, corresponding to k, d. = 0.043 at the magnetic axis. (a) Radial dependence
of relevant frequencies. Vertical axis corresponds to frequency in MHz. Bottom black curve
corresponds to the fundamental eigenfrequency in the resonator, wy; red curve to frequency
of modes having ) = 20, wg—20. The slanted green line, labeled wyrax, corresponds to the
cut-off frequency on the inboard side; waves in the blank region to its left are not trapped.
This frequency terminates when the deuterium cyclotron frequency on the inboard side,
represented by the top orange curve labeled Qp jnboard, because of heavy cyclotron damping.
The blue hatched region, labeled “Damped”, corresponds to strongly damped modes with

@ < 20. (b) Vertical axis corresponds to the number of long-lived modes with ¢ > 20.
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Chapter 4 uses a one-dimensional WKB model with a fully kinetic dispersion relation. Ra-
dial profiles of plasma parameters determined by simulations are used to model the plasma
[49], and the geometry is described in the cylindrical approximation. Figure 1.3 displays
parameters associated with the trapped modes as a function of the radius of the flux surface,
r. The top panel illustrates the fundamental frequency, the black curve labeled wy, and the
frequency for which a mode has a quality factor of () = 20 due to kinetic damping, the red
curve labeled wg=g9. Above wg—s9, heavy damping occurs as illustrated by the blue hatched
region. The reference frequency, wya, indicated by the green line, represents the reflection
frequency on the inboard side of the flux surface. Above this frequency, the wave propagates
along the entire flux surface and is not trapped. The green line terminates at the cyclotron
frequency of deuterium on the inboard side, 2p inpoara indicated by the orange line, because
heavy cyclotron damping is expected to occur. From this display, it is clear that trapped
modes will exist in a narrow frequency band close to the reflection frequency on the outboard
side. The bottom panel displays the number of modes with quality factors greater than 20 as
a function of radius, showing that many modes exist over the radius of the plasma. Beyond
characterizing the modes, an assessment of plasma instability due to a ring-distribution of
fusion born alpha particles is also made. From this assessment, it is determined that a band-
width of roughly 600 kHz will be unstable over most of the flux surfaces. This instability is
shown to depend on the value of k,, and for this reason, if the effects of magnetic curvature
and magnetic shear are included, this instability can be detuned for a given mode. Since
many values of k; will be excited, it is unclear from this model what the ultimate nature of
this instability will be, and state of the art simulation tools would be needed to fully assess

the consequences of the wave-particle interaction.

Chapter 5 details an investigation of Cherenkov radiation due to a charged particle burst
in the presence of a two-ion species plasma. The wake pattern is obtained for the inertial
and kinetic regimes of wave propagation. Due to the presence of two ion-species, the Alfvén
waves propagate within two different frequency bands separated by a gap. One band is
restricted to frequencies below the cyclotron frequency of the heavier species and the other

to frequencies between the ion-ion hybrid frequency and the cyclotron frequency of the lighter
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Figure 1.4: Wake radiated by a particle burst in the inertial regime. Spatial pattern of
parallel current density j./|7.|max in the inertial regime for a hydrogen-helium plasma. Color
contours represent the current wake at ¢ = 0 with the charge burst centered at the origin and
moving upwards. Two separate patterns are clearly visible. The broader, longer wavelength
pattern corresponds to the lower frequency branch and the narrower, shorter wavelength

pattern, to the upper branch.

species. The radiation pattern in the slower frequency band is found to exhibit essentially
the same properties reported in a previous study [50] of a single species plasma. However, the
upper frequency band differs from the lower one in that it always allows for the Cherenkov
radiation condition to be met. The methodology is extended to examine the Alfvénic wake
of point-charges in the inertial and adiabatic regimes. The adiabatic regime is illustrated
for conditions applicable to fusion-born alpha particles in ITER. Figure 1.4 illustrates the
wake for a charged-particle burst for conditions relevant to LAPD and in the inertial regime.
In the figure, the two patterns are clearly visible, and the inverted-V structure due to the

backward-traveling nature of the shear wave is evident.

Chapters 6 and 7 detail an investigation of MHD plasma stability for the plasma in the
divertor of a tokamak. Analysis is performed for both a standard divertor and a snowflake.
The plasma is assumed to have an equilibrium in which confinement is achieved by the

interaction of the poloidal current with the toroidal field. However, since the plasma pressure
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in this region is small, 3; = 8mp/B? < 1, and the toroidal field is well described by its vacuum
field. The poloidal field is assumed to be curl free, reflecting the neglect of toroidal current.
Flux coordinates are used to describe the complex geometry present in the vicinity of the
poloidal null of a divertor. In Chapter 6, instability of ballooning modes is considered. It
is shown that this threshold depends on the orientation of the flux surfaces with respect to
the major radius with a critical angle appearing due to the convergence of the field lines
away from the null point. When the angle that the major radius forms with respect to
the flux surfaces exceeds this critical angle, the system is stabilized. Further, the scaling of
the instability threshold with the aspect ratio and the ratio of the scrape-off-layer width to
the major radius is shown. The instability threshold is evaluated for parameters of existing
devices, and it is concluded that this instability should not be active. For this reason, it
is not likely to explain current experimental results [44] which suggest that a mechanism is
present that enhances transport in the divertor [45]. Chapter 7 uses much of the machinery
developed in the preceding chapter to investigate instability of an axisymmetric, quasi-flute
mode. The instability thresholds for the axisymmetric mode are shown to possess the same
scalings as those for the ballooning mode. For this reason, the axisymmetric mode is also

not likely to explain the experimental results reported to date.
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CHAPTER 2

Resonator in LAPD

This chapter outlines both theoretical modeling and experimental results obtained from
an investigation of the ion-ion hybrid resonator in the Large Plasma Device (LAPD) [51]
at UCLA. Section 2.1 outlines the theoretical model used to compare to the experimental
data. Section 2.2 applies the model and approximates the magnetic profile as a simple
square well. This simple model allows for concise predictions to guide and plan experiments.
Section 2.3 extends the square well model to include gradient effects due to the gradual
transition that occurs from the low field to high field regions. Section 2.4 presents the
experimental results. Two types of experiments are performed. In the first, the antenna is
driven monochromatically, and the response is measured as a function of frequency. In the
second, the antenna is pulsed, launching many frequencies at once. In this latter experiment,
a wavelet analysis is performed of the data to determine the long-lived frequencies and their
associated quality factors. Finally, a comparison of the theoretical model to the experimental

predictions is made in section 2.5, and major conclusions are presented.

2.1 Model

The theory presented here assumes a cold plasma model. This is a good approximation
for the plasma parameters encountered in the LAPD experiments. Starting from Maxwell’s
equations, and including a source current, j, oscillating with frequency, w, the resulting
equation is

2

i
Vx(VXE) - —e - E=—2]
C

S (2.1)
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Here, E is the electric field, ¢, the speed of light, and € is the cold plasma dielectric tensor.
Cylindrical coordinates are the natural choice for the LAPD, so the coordinate system (r, ¢, z)
is employed with the origin located at the center of the plasma column. The antenna is
modeled by an axial current channel of radius R and length 2a located at the center of a
magnetic well. The azimuthally symmetric Fourier component of the radial feeds is included
by requiring that V-j = 0. This preserves azimuthal symmetry for the system, and derivatives

with respect to ¢ can be neglected as a result.

The background magnetic field takes the form B = B,(r, 2)t + B.(z)z. The function,
B.(z), is determined from the experimental magnetic profile. The condition, V - B = 0,

implies that
rdB,(z)

B, =
2 dz

(2.2)

If the characteristic length scale of B, is large compared to the radius of the device, B, can be
neglected. For typical magnetic profiles, the magnetic length scale is 270 cm with the radius
of the LAPD, 50 cm. Thus, for this model, the background magnetic field is assumed to be
along the z-axis and to depend only on z. Additionally, the densities of all plasma species
(both ions and electrons) are assumed to be uniform. In reality, a radial density profile exists
in the plasma, and this gradient modifies the radial eigenfunctions from the uniform case. A
further simplification exists through neglecting the off-diagonal components of the dielectric
tensor, €., removing the coupling between the shear and compressional Alfvén waves. This
approximation is appropriate when the largest transverse scale in the system is smaller than
the ion-skin depth, as is the case in LAPD. This last approximation is postponed for now,

but it will be made later in this section.

Equation (2.1) now becomes

o (OE, OE, ) 2 _ Amiw |
@(&f‘w>_%”&_%%@” 2 I (23)
PE, 010

02 " or [;5 <TE¢>] + ke L By — Kieay Br = 0, (24)
10 0E, OF. ) ik

v or {(a ~ar )] ~ osnBs = = (25)

where kg = w/c. Because the coefficients appearing in the above three equations do not
15



depend on 7, all quantities can be expanded through a Fourier-Bessel transform. The az-
imuthal magnetic field is easily measured with the use of B-dot magnetic probes, and so it

is included in the expressions below.

E.(r,z) = /0 N Jo(kyr)EL(ky, 2)kydky, (2.6)
E,.(r,z) = /0 h Ji(kor)Ey(ky, 2)kydk, (2.7)
Ey(r, 2) = /0 N Ji(kyr)Eg(ky, )k, dk,, (2.8)
) = [ Db, 2 b (29)
iutr2) = [ )tk e, (210)
By(r, 2) = /Ooo Ji(k r)By(ky, 2)ky dk, . (2.11)

Requiring that the current density of the source satisfy V - j = 0 results in

7.

kij. = 0. 2.12
0z L 0 ( )

This allows for the elimination of j, in the equations that follow. With these transformations,

Egs. (2.3)-(2.5) can be reduced to two coupled equations,

O*E k2 O\ - 2\ =~ dwiko 0)
ke, (1 S ) B Reyy (1 — = = 0 2.13
022 M ( kga) T+ HoSay ( k3e)) T ek, 0z (2.13)
-
E N .
aazf + (koeL — k1) By — koewy By = 0, (2.14)
and the algebraic expressions
" 1 Amikg ~ OE,
E, = L~k , 2.15
k3 — kjey, ( ¢’ l&z) (2.15)
N 1 drk, - OF,
B, = L tikoe —2 ) 2.16
A R ( ¢ 2t 8,2) (2.16)

In this form, the role of €, is clear as it provides the coupling between the two components,
E, and E’¢. In the limit of small transverse scale, a single, uncoupled equation results,
O’E K\ - Awik 07,
"tke ([1- =2 ) E = , 2.17
(922 0= ( k%&) CkJ_ 0z ( )
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Equation (2.17) contains an effective potential and a source term on the right hand
side. To understand the form of the potential, expressions for €, and ¢ are needed. For
frequencies on the order of the ion-cyclotron frequencies, and including two ion species in
the formulation,

2

w
g = N (2.18)
pe
c\° - 5_22
gL = (—) . o N (219)
w (1) (- %)

where the frequencies, €2, and €2y, are the ion cyclotron frequencies and wy, is the electron
plasma frequency, wy; is the ion-ion hybrid frequency, and v, is the Alfvén speed. The
Alfvén speed and the ion-ion hybrid frequency are related to the ion plasma and cyclotron

frequencies as follows,

0,0
VA = 2 c, (2.20)
VonsB + w0t
w2, Q2 + w2,0?
Wi = EF (2.21)
Wy + Wyo

To better understand the resonator, the constant magnetic field case with no source is
considered in the context of Eq. (2.17). A constant field would allow for a Fourier transform

in the z coordinate and would lead to the dispersion relation,

2
w
L=

o (14 k242), (2.22)
G-a) (0-%)

where 6, = ¢/w,. is the electron skin depth. For a fixed value of k, it is clear from the form

2
kij =

of the dispersion relation that two wave-particle resonances exist at the cyclotron frequencies
of the respective ions, while a cutoff exists at the ion-ion hybrid frequency which has a value
between the two cyclotron frequencies. Figure 2.1 illustrates this relation by showing the
separation of wave solutions into two distinct bands separated by an evanescent region. A

cutoff exists in the upper band. It is this cutoff that gives rise to the possibility of a resonator.
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Figure 2.1: Plot of Eq. (2.22). Vertical axis is the scaled parallel wave number, and horizontal
axis is the scaled frequency. Plots are made for k6. = 1 and equal concentrations of H-He.
Resonances are present at cyclotron frequencies of hydrogen and helium. A cutoff is present
at the ion-ion hybrid frequency at w/Q0y. = 2. An evanescent region exists between the

helium cyclotron frequency and the ion-ion hybrid frequency.

Since the density is assumed constant, it is clear that the only spatial variations in the
potential term of equation (2.17) is through e, which depends on the magnetic field strength
through the cyclotron frequencies. If the background magnetic field strength has the form of
a magnetic well, it is possible to create two conjugate reflection points and trap the waves.
Thus, in order to solve equation (2.17), a magnetic profile must first be specified. The next
two sections discuss solutions to this equation when certain approximations for the magnetic

profile are made.

2.2 Square well model

The simplest model for a magnetic profile that still retains the necessary features to create a
resonator is a square well. In this case, the differential equation can be solved in a piecewise
fashion. The source term is neglected in what follows, but a simple relation is derived to

give a rough estimate of the eigenfrequencies based on the length of the well.

Let the magnetic well have length 2L, with z = 0 chosen to be the center of the well.

18



The frequency, w, and magnetic field strength inside the well, B;, are assumed to give a
propagating solution, k;, which falls in the upper frequency band illustrated in Fig. 2.1.
Similarly, the magnetic field strength outside the well, By, is assumed to give rise to an
evanescent solution, kj, which would fall in the gap shown in the same figure. Both k; and
kj, are assumed to be both real valued and positive, and they are given by the modulus of
the solution to equation (2.22) evaluated at the appropriate magnetic field strength. With

these definitions, the piecewise solution for equation (2.17) can be written as

Cre Fnz z>1L
Ei(z,k) =1 Cy (e e hz) 2| <L (2.23)
+Ceknz z < —L

The solution has been written in a form such that it is inherently either even or odd. This

is a required property of the solution due to the symmetry of the magnetic well.

In order to find the eigenfrequencies associated with the eigenfunctions, the boundary
conditions must be specified. These conditions are that FE, and ¢ E, must be continuous
across the boundary. From Eq. (2.15), this can be shown to be equivalent to the continuity

of E, and (e /k)E,. Applying these conditions results in the equations,

Cy (e £ e ™Mby = Cre Mt (2.24)
%02 (eMh e~y = —z’%Cle’khL. (2.25)
I h

Eliminating C; and C5 from the two equations and applying the dispersion relation yields

the equations

cot(k; L) (2.26)

_ [_tLu
€in’
€
tan(k L) = —, [ ——%, (2.27)
Elh
where the solutions to the first equation are the eigenfrequencies of the even solutions and

the solutions to the second equation, of the odd.

From this simple model, the eigenfrequencies can be calculated. For comparison to
a possible experiment in the LAPD, the eigenfrequencies are computed for a hydrogen-

helium plasma with an electron density, n, = 1.3 x 10'2 cm ™3, ng/n, = 0.45, L = 200 cm,
19



B, =750 G, B, = 1250 G, and k6. = 1 with the plasma assumed to satisfy quasi-neutrality.
Under these conditions, six eigenfrequencies exist in the interval between the ion-ion hybrid
frequency inside the well (w;/Qu, = 0.5310) and the ion-ion hybrid frequency outside the
well (w;; /g, = 0.8849). The scaled frequencies are w/Qy; = 0.5571, 0.6216, 0.6644, 0.7543,
0.8214, and 0.8677.

2.3 Inclusion of gradient effects

In reality, the transition between the interior of the well and the exterior of the well is not
so sharp. To include the effects of the magnetic gradient, the well is now approximated by
three spatial regions instead of two. In addition to the low magnetic field region (the bottom
of the well) and the high magnetic field region (the top of the well), a linear gradient region

is included. In the linear gradient region, the dielectric can be expanded as follows,

Ot T
e1(zw) = e (z — 20) + 1. (2.28)

20
The imaginary part of the dielectric in the above equation is introduced in order to provide
an ad hoc dissipation channel to account for additional dissipation mechanisms that are not
presently considered. Collisions by the electrons can be included in the parallel dielectric

through the relation

w2

- M 2.29
I w(w+ive)’ ( )

where v, represents the collision frequency of the electrons. This frequency is given, for

example, in the NRL Plasma Formulary [52], and is
Ve = 2.91 x 107 n AT 32, (2.30)

where n, is the electron number density measured in cgs units, 7 is the electron temperature
measured in eV, and A is the Coulomb logarithm. For the parameters in LAPD, the Coulomb
logarithm is given by A = 23 — In (ni/ 2718 2), where Z is the average ionization state of
the ions. For a typical LAPD plasma, n. ~ 102 ecm™3 and T, ~ 5 eV, giving a Coulomb
logarithm of A = 11.6 and a collision rate of v, = 3.0 MHz, which is a factor of four
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Figure 2.2: Schematic of the experiment. Chamber wall is black, plasma is yellow, and

antenna is represented by magenta line.

to five greater than the typical eigenfrequency encountered in the experiments. However,
uncertainties in both the electron density and temperature allow for variation of this collision

frequency by roughly a factor of two.

The antenna used in the experiment consists of a bare copper rod (R =0.48 cm = 0.96
de in radius) bent into three legs of a rectangle and placed in the chamber as shown in
Fig. 2.2. The axial leg extends along the confinement magnetic field at the center of the
plasma column. The perpendicular legs extend out of the chamber via electrically isolated,
vacuum feed-throughs. In the theoretical model, the antenna current is Fourier decomposed
in the azimuthal angle, ¢, and only the azimuthally symmetric component is retained. This
includes all of the axial current but only a portion of the current in the perpendicular legs.
Further, the current channel is centered inside the constant magnetic field region at the

bottom of the well. The source term in Eq. (2.17) takes the form,

852’ R]O
= HJl(mz) [0(z — a) — 6(z + a)]. (2.31)

In the above equation, § represents the Dirac-delta function, and the length of the antenna

is 2a.

Figure 2.3 shows an example of a fit that approximates the magnetic field profile. The
parameters used to generate the figure are similar to those found in the experiment. The

solid black line represents the experimental profile, while the dashed red line corresponds
21



| &= Antenna

Figure 2.3: Linear fit to shape well. Top panel shows the experimental profile as a function
of axial position (solid black line) and a fit with two constant B-field regions are connected
by a linear ramp (dashed red line). Bottom panel shows the corresponding perpendicular
dielectric as a function of axial position. The bottom plot corresponds to a 60% hydrogen,

40% helium plasma with an electron density of 1 x 10'? cm™3 and a frequency of 633 kHz.

to the fit. The magenta line in the center of the well represents the spatial extent of the
antenna. The top panel illustrates the magnetic profile, and the bottom, the perpendicular
dielectric.

The total solution to Eq. (2.17) consists of seven unknown constants, C;, whose values
are determined by matching both the value of the function and its gradient at each boundary
with the additional jump condition of the antenna. These conditions in conjunction with

the appropriate parity of the solution (in this case, odd parity) allow for the evaluation of
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the driven solution to the problem. For z > 0, the solution takes the form,

(

Cleikl'z + Cgefiklz z<a
. Cyetfi(z=a) 4 e=ihi(z—a) a<z<lL
E, = ’ ! L (2.32)
CsAi [a(z — 20) +ip) + CeBi[a(z — z0) +ip] Ly < z < Lo
L O7€_kh(Z_L2) Ly < 2z
where s
Oelt k2
= |—k2 £ (1 == 2.33
« [ 0 02 " ( k’g{f)] ) ( )
and

Ol

I I

p=\e /== a. (2.34)
< 0z ZD)

In Eq. (2.32), Ly and Ly denote the beginning and end of the linear gradient region. The

functions, Ai and Bi, are the two linearly independent solutions to the Airy differential

equation.

The resulting boundary conditions can be represented by a matrix equation of the form
Ax = b, where z is a vector whose components are the seven constants, b is a vector repre-
senting the inhomogeneous source, and A is a matrix determined by the piecewise boundary
conditions. This matrix equation can be inverted, and a frequency spectrum can be gen-
erated as a function of axial position and k. As mentioned before, dissipation is included
in £, through the value of y, and in € through an electron collision frequency. These
mechanisms keep the spectrum finite in the vicinity of the resonant frequencies, preventing
the determinant of A from vanishing. The specific dissipation mechanisms represented by p
should depend on the frequency of the driver, and so u should depend on frequency. Without
modeling the specific dissipation mechanisms in more detail, it is impossible to predict the
specific frequency dependence of u. As a result, p is assumed constant, and this assumption
accounts for some of the discrepancies between the theory and the experimental data. Once
the Fourier-Bessel representation of the field is determined, this transform can be inverted to
compute the field at position r and z for a given drive frequency. This integral is performed
numerically with care taken to ensure numerical convergence. The lower limit of the integral

is taken to be k| i which is determined from the first zero of the equation, Jo(k | minRp) = 0,
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where R, is the radius of the plasma and is taken to be 30 cm for definiteness. This has the
effect of excluding small values of k£, from the driven response, which is necessary because

of the finite radial extent of the plasma.

If all dissipation is ignored, the eigenfrequencies and eigenfunctions of the well can be
generated in the undriven case. This amounts to using the real values for both £, and ¢
and removing the source. Further, since the eigenfrequencies and eigenfunctions will exhibit
a weak dependence on k, a discrete radial Bessel representation is employed, as opposed to

the continuous representation used in Egs. (2.6) - (2.11). This takes the form

E.(r,z) =Y E.,(2).Ji(kour), (2.35)
E.(r,2) =Y E.(2)Jo(kour), (2.36)
By(r,z) = Y _ Byu(2)J1(kour). (2.37)

Here, the role of k is replaced by ko, where Jy(ko, R,) = 0. This description removes the need
to match the jump condition provided by the end of the antenna, and the eigenfrequencies
are determined by means of requiring the resulting function to be either even or odd and
to be continuous and differentiable at each boundary. Mathematically, this corresponds to

finding the frequency for which the determinant of A is zero.

Figure 2.4 illustrates the driven spectrum and the undriven eigenfrequencies generated by
the methods described previously. This spectrum corresponds to axial position z = 0 ¢cm and
r = 5 cm for a plasma consisting of a 60% H™, 40% He™ ion mixture. In generating the curve,

3 is used, which

an electron temperature and density of T, = 5 eV and n, = 1 x 10'2 cm™
corresponds to an electron collision frequency of v, = 3.02 MHz. Additionally, a value of u =
—0.2 is used in order to obtain a spectrum with damping comparable to what is observed in
the experiment. The horizontal arrows bounded by the dashed black lines illustrate the range
of trapped frequencies in the well. The vertical, blue lines illustrate the eigenfrequencies in
the undriven case for a perpendicular wave number, k. = 0.25. The blue lines located at

w/Qy = 0.48 and 0.65 have axially anti-symmetric B, eigenfunctions. The eigenfunction

located at w/Qy = 0.55 is symmetric. The first peak in the driven spectrum corresponds
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Figure 2.4: Driven spectrum at axial position, z = 0 cm and radial position, » = 5 cm, for a
60% hydrogen, 40% helium plasma with an electron density of 1 x 10'? cm—3. Horizontal axis
is the frequency scaled to the hydrogen cyclotron frequency. Vertical axis is the normalized
| Bs|? response. Solid red line illustrates the driven spectrum while the vertical blue lines

illustrate the undriven eigenfrequencies.

to this symmetric mode and agrees well with the corresponding undriven eigenfrequency.
This reflects the fact that the eigenfrequency depends weakly on k;, and so the driven
peak does not shift much even though it is a superposition of many different perpendicular
wave numbers. The peak located at w/Qy = 0.73 is also symmetric and does not have a
corresponding undriven eigenfrequency because it would fall outside of the frequency range
spanned by the trapped modes. The effects of dissipation allow the peak to begin to form
even though the well is not long enough for the undriven eigenfrequency to appear. The anti-
symmetric peaks are not present in the driven spectrum for two reasons: first, the spectrum
is calculated at z = 0 cm, and second, because the perfect symmetry of the model and the

parity of the antenna prevents the source from coupling to these modes.

Figure 2.5 illustrates the axial shape of the driven mode at frequency w/Q gy = 0.55 line,
which corresponds to the first peak of the driven spectrum in Fig. 2.4. The response is
normalized to its peak value and is illustrated by the blue line. The magnetic profile fit is
shown by the red dashed line. For this case, the bottom of the well is at 750 G and the top,
1250 G. The antenna position is illustrated by the magenta line, and the vertical black lines

illustrate the axial positions of Probes 1 and 2 which will be referred to later when discussing
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Figure 2.5: Blue line is the amplitude of | By| as a function of axial position at radial position
r =5 cm and frequency w/Qy = 0.55. Same plasma parameters are used as in Fig. 2.4.
Red dashed line shows magnetic field profile; magenta line, the antenna location; and the

solid black lines illustrate experimental probe positions.

the experimental results.

2.4 Experimental results

In the experiment, the antenna, centered in the magnetic well, is driven using tone bursts of
20 cycles. The same magnetic well configuration is explored for three different concentration
ratios of hydrogen and helium ions as shown in Fig. 2.6. For the resonator, it is within the
upper (hydrogen) propagation band that the trapped eigenmodes are formed. Therefore,
the experimental results are presented with the frequencies scaled to the hydrogen cyclotron
frequency Qg; due to the axial field variation, this scaling is performed using the values of Qg
at z = 0, that is, at the bottom of the well. Figures 2.6(a)-2.6(c) display the spatial variation
of the ion cyclotron frequencies and ion-ion hybrid frequencies for the following concentration
ratios, ng = ng/ne: (a) ng = 0.25, (b) ny = 0.38, and (¢) ny = 0.61. The lower propagation
bands (w < Qp.) are shaded in yellow; the propagation gaps (Qg. < w < wy;) are white; the
upper propagation bands are shaded in cyan; and overlaid with a third color within the upper
bands (matching the color of the subplot to the immediate right (d-f)) are the wave trapping

regions. In the trapping regions, the waves satisfy two criteria: (1) They can be launched by
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the antenna, i.e., w < Qg at the center of the well, and (2) their frequency can match the
reflection condition, w = w;;(z), at a location within the plasma column. For all three cases,
tunneling between potential eigenmodes in the resonator and the lower propagation bands is
prevented since the minimum w;; in the system is chosen to be everywhere greater than the
maximum value of Qp.. Further, for ng = 0.25, the upper boundary of the trapping region
is determined by the w < Qg (z = 0) criterion, while a substantial propagating upper band

exists for the ny = 0.61 case.

The resulting wave amplitude spectra |By(w)| (measured with Probe 1, a B-dot probe,
located at r = 5 cm and at an axial position as shown in Fig. 2.5) are presented in Figs.
2.6(d)-2.6(f). Each of these sub-figures corresponds to the case to its immediate left (a-
c). The data displayed are obtained after the antenna current is switched off, so that a
comparison to the theoretical predictions of the un-driven eigenmode case is appropriate.
Specifically, the displayed spectra are obtained from FFTs of a 10-cycle, Hanning-windowed
time series starting immediately after termination of the antenna current. For this linear
study, each spectrum is normalized to its maximum value. For reference, within each subplot,
a semi-transparent horizontal bar is drawn arbitrarily at the normalized height of 0.5 and
covers the frequency range of potential resonator eigenfrequencies. Within these bands,
individual spectral peaks are manually identified and marked with vertical arrows to indicate
the experimentally observed eigenfrequencies for each case. The upper propagation band in
Fig. 2.6(f) is clearly visible between 0.7 < w/Qy < 1 and should not be interpreted as

evidence of a fourth eigenfrequency for that case.

Next, an experiment is considered in which the antenna is pulsed using a waveform with
a width of one cyclotron period of hydrogen at 750 Gauss (the center of the well). The signal
is measured by Probe 1. A plane of data is taken with a B-dot probe, and is averaged over
two to eight shots at each point to reduce noise through statistical averaging. In analyzing
the data, it is important to determine the frequency content of the signal as a function of
time. This is best accomplished by using a continuous wavelet transform [53]. In order to
perform this transform, the DC component of the signal is removed, and the resulting signal
is numerically integrated to compute the oscillating magnetic field as a function of time. A
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Figure 2.6: ((a)-(c)) Axial variation of the upper (cyan) and lower (yellow) propagation
bands; the cold plasma propagation gap (middle, white); and the trapping regions (color—
coded) for three concentrations of hydrogen (ny = ny/n.) in a Ht-He™ plasma. ((d)-(f))
Normalized wave magnetic field amplitude spectra measured by Probe 1 at r = 5 c¢m as
launched in the resonator by the antenna. Each of these three subplots corresponds to the
case to its immediate left. The semi-transparent horizontal bars delineate the trapping re-
gions, and the arrows mark the manually identified modes. The broad “peak” in (f) for

0.7 < w/Qy < 1is a continuum of a freely propagating modes, not another resonance.
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wavelet transform of the resulting signal is then performed using a Morlet wavelet function

1 ipt 12
I, <£ _ _) _ (2.38)

S 252

which takes the form,

Here, p is the order of the Morlet Wavelet, taken to be 24, and s is the scale of the wavelet.
One can relate the scale of the wavelet to a frequency by the equation w = p/sdt where dt

is the temporal spacing between sampling points in the signal.

The top panel of Fig. 2.7 illustrates a wavelet transform of the data. This data is taken
at a radial position of r = 17.4 cm. The horizontal axis is time scaled to the cyclotron period
of hydrogen, 7, at the bottom of the well, and the vertical axis is the frequency scaled to the
cyclotron frequency of hydrogen, again, at the bottom of the well. Time ¢ = 0 corresponds
to the maximum current in the the antenna pulse, which lasts for roughly one 75. The
red, horizontal lines show the various reference frequencies: the ion cyclotron and ion-ion
hybrid frequencies both inside and outside of the well. The blue contour is a confidence
measure which outlines when the antenna amplitude has decayed to 10% of its peak value.
Although the antenna pulse is only 75 long, it is artificially broadened due to the width of
the Morlet wavelet. When looking in the trapped band between w;; (750 G) and w;; (1250 G),
it is clear that there are at least two frequencies that extend well beyond the envelope of
the pulse. These frequencies are candidate eigenmodes. The bottom panel illustrates a
frequency cut at various times to show the slow decay of the signal and to more clearly
distinguish the extended signals present in the top panel. The vertical dashed lines give
the theoretical, undriven eigenfrequencies for a 45% H*, 55% He™ plasma with an electron

density of n, = 1.3 x 1012 cm=3.

In order to determine the quality factor, (), of the resonator, a temporal cut is plotted
as a function of time as shown in Fig. 2.8. The logarithm of the amplitude is plotted on the
vertical scale with the scaled time on the horizontal scale. The temporal cuts are made for the
two prominent frequencies in Fig. 2.7, w/Qy = 0.56 and w/Qpy = 0.71, and are illustrated
by the solid, red line and the dashed, blue line, respectively. Assuming an exponential decay

of the signal,

B(w, t)‘ x exp(—t/27) with 7 being the characteristic decay time, the decay

time can be determined by a linear fit to the signals during their decay. For the two peaks,
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Figure 2.7: (a) Color contours of Morlet wavelet amplitude of magnetic field fluctuations
show the response of the H* - He™ resonator after excitation with a current impulse of
width At = 7 at ¢ = 0. The plasma is 45% hydrogen and the probe is at z = +128 cm,
r = +17.5 cm. (b) Instantaneous wavelet spectra obtained from vertical cuts in (a) at four

different times. Vertical dashed lines are the predicted resonator eigenfrequencies.
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Figure 2.8: Exponential fits to the temporal decay of the wavelet amplitude for the two
prominent spectral peaks (w/Qy = 0.56 and 0.71) in Fig. 2.7. Solid red and dashed blue line
correspond to the wavelet amplitude, and solid and dashed black lines, to the corresponding
exponential fit. Fits give a characteristic decay time of 7 = 4.23 us and 7 = 3.52 us for the

red and blue lines, corresponding to a quality factor of () = 17.3 and 18.0, respectively.

w/Qy = 0.56 and 0.71, the decay times are 7 = 4.23 and 3.52 us, respectively. Thus, the

quality factors, () = 7w, of the resonances are () = 17.3 and 18.0.

To show the global nature of the eigenmodes, a survey of radial position and axial position
is made. The results are shown in Fig. 2.9. The top panel shows the wavelet spectra at
t/Ty = 25 measured with Probe 1 for various positions in the plane perpendicular to the
confinement field. The radial positions sampled are color coded with the asterisks present in
the grid to give an idea of where the measurements are performed. The grid is 40 x 40 cm.
The four curves are normalized to their peak value in the plot so they are easily compared.
The bottom panel shows the signal at t/75 = 25 and the radial position indicated by the
black asterisk in the top panel, but varying the axial position. The positions of Probes 1
and 2 are illustrated in Fig. 2.5, and Probe 0 is located at the center of the well at axial
position, z = 0 cm. The absolute magnitude of Probe 2 is suppressed by several orders of
magnitude relative to the signals in Probes 0 and 1, but they are, again, normalized to their
peak values in the plot for easy comparison. It is clear from these plots that the structure

of these resonances is indeed a global one.
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Figure 2.9: Sampling of the pulsed wave form at various positions. (a) Wavelet spectra taken
at t/Ty = 25 from Probe 1 at various locations in a plane. The spectra are normalized to
peak value. The grid in the upper right is color coded with the line plots to show where in the
plane the spectrum is measured. The grid is 40 cm x 40 cm. The dashed lines corresponds
to the theoretical eigenfrequencies. (b) Wavelet spectra taken at the same time and position
as the black curve in (a), but at different axial positions. Again, the curves are normalized
to peak value and the red dashed lines are theoretical resonances. Probe 0 is located at z =

0 cm, and, Probes 1 and 2 are at positions shown in Fig. 2.5
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Figure 2.10: A plot of By, (r) for w/Qpg, = 0.56. Solid lines represent experimental data
and dashed lines represent a least-squares fit to the radial functions shown in Eq. (2.39).

The black line is for m = 0; the red line, m = 1; and the blue line, m = 2.

Next, an analysis of the azimuthal mode number and radial structure of the fields is
performed on the experimental data. To do this, a plane of data taken by Probe 1 is
considered. A wavelet transform of the data is performed and attention is confined to the
time t/7y = 20 for both candidate resonance frequencies, w/Qy. = 0.56 and 0.71. Since
the wavelet has an inherent e~*! dependence, this is removed by multiplying each wavelet
signal by ™. Further, the resulting data set, {B,, B, }, is converted into a polar coordinate
system, {B,, B,}. In performing this transformation, an assumption must be made as to the
true center of the plasma. This is taken to be the center of the plane of data, which should
be approximately the true center of the plasma, though error on the order of one centimeter
is possible. The data is then interpolated onto concentric circles centered at the assumed
center of the plasma, possessing 64 azimuthal angle grid points. The smallest circle has a

radius of 1 cm, with radial spacings of 1/2 cm extending to a maximum radius of 20 cm.

Upon performing the above steps, the magnetic field is now given as a function of both the

radius and the azimuthal angle. It can now be decomposed into both radial and azimuthal
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Figure 2.11: A plot of B,,,m(r) for w/Qye = 0.56. Solid lines represent experimental data

and dashed lines represent a least-squares fit to the radial functions shown in Eq. (2.40).

The black line is for m = 0; the red line, m = 1; and the blue line, m = 2.
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Figure 2.12: A plot of By, (r) for w/Qpg. = 0.71. Solid lines represent experimental data

and dashed lines represent a least-squares fit to the radial functions shown in Eq. (2.39).

The black line is for m = 0; the red line, m = 1; and the blue line, m = 2.
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Figure 2.13: A plot of Bnm(r) for w/Qye = 0.71. Solid lines represent experimental data
and dashed lines represent a least-squares fit to the radial functions shown in Eq. (2.40).

The black line is for m = 0; the red line, m = 1; and the blue line, m = 2.

eigenfunctions as

r ¢) = Zécﬁ,m( zmqb = ZCIJmJl (xumg ) eim¢’ (239)

¢) = ; By (r)e™ = Dym—J <xyme> e, (2.40)

Here, the quantity, x,,,, represents the zeros of the bessel function, J,,, ensuring that the
field quantity, B, vanishes at the radius, » = R,. This corresponds to an assumed conducting
boundary at the edge of the plasma, which is again taken to be R, = 30 cm. In order to
compare with the above theoretical curves, a fast Fourier transform (FFT) is performed at
each radial location, decomposing the data into the azimuthal eigenfunctions, e™™?. Next, a
least squares fit is made between the candidate radial eigenfunctions and the observed radial
pattern for each azimuthal mode number, m. This amounts to varying the constants, C,,,
and D, ,, to get the best fit between the theoretical curves and the data. For a given m

value, four radial functions are included in the fit.

The results are displayed in Figs. 2.10 - 2.13. The first two plots are for w/Qy. = 0.56 and
the second two, for w/Qy. = 0.71. Further, Figs. 2.10 and 2.12 plot the azimuthal magnetic

field, By, and Figs. 2.11 and 2.13 plot the radial magnetic field, B,. In order to capture
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both positive and negative m numbers, for m # 0, the real part of B, + B_,, is plotted.
This is done to convert to a sinusoidal representation instead of a complex exponential
representation, and the corresponding plots are for the cos m¢ part of the expansion. In the
figures, the solid lines represent experimental data while the dashed lines represent the fits
to the radial basis functions. The black lines correspond to m = 0; red, m = 1; and blue,
m = 2. Discrepancies between the fits and the data are most likely due to error in the choice
of the center. Further, the plane of data did not possess the symmetry that would have been
expected around the antenna. A likely explanation of this is due to interference by the probe
as it moved deeper into the plasma. Regardless, it is clear that this is affecting the results.

Finally, the theoretical curves assume no radial gradients.

2.5 Comparison of theory to experiment and summary

First a comparison between the experimental data and the undriven eigenfrequencies is
performed. This is done by overlaying the observed resonator eigenfrequencies from the
three cases of Figs. 2.6(d)-2.6(f) with the theoretically predicted undriven eigenfrequencies
displayed as functions of a continuous variation in 7y as shown in Fig. 2.14. The range of
possible eigenfrequencies is bounded on the lower end by w;; at z = 0 (lower red curve) and the
continuum of waves propagating above w;; at the high-field end of the well (upper red curve).
Again, for the frequencies used, the antenna does not launch shear waves above the hydrogen
cyclotron frequency at z = 0 (marked by the orange horizontal line). The theoretical values
of the resonant frequencies are determined by the model described in section 2.3. The
predicted eigenfrequencies of undriven modes are shown as dashed lines. Both even and
odd parity modes are represented, as the undriven case does not have the strict symmetry
requirement inherent in the idealized driven-case, and the exact form of the source is removed
from consideration. For the highest concentration of hydrogen (ny = 0.61), both the number
and frequency of the observed spectral peaks match well with the theoretical prediction. For
lower hydrogen concentrations, the agreement is not as good, which is primarily attributed

to the larger width of the observed peaks in comparison to the predicted frequency spacing.
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Figure 2.14: Comparison of measured eigenfrequencies to theoretical predictions for three
ratios of hydrogen-to-electron densities, 7y, in the helium-hydrogen resonator. Frequencies
are scaled to the hydrogen cyclotron frequenty at the center of the resonator (z = 0). The
dashed black lines are the theoretical predictions and the data points are color coded to the
marked peaks in the spectra shown in Figs. 2.6(d)-2.6(f). The vertical semi-transparent
frequency bands correspond to the horizontal bands of the same color in Figs. 2.6(d)-2.6(f).
The solid red and orange lines bound the range of possible eigenfrequencies, as explained in

the text.

This feature makes it difficult to discern individual peaks from broader, merged peaks.

An attempt is now made to determine the source of the damping observed in the ex-
periments. An examination of the quality factors due to electron collisions alone is first
performed. To remove all ad hoc dissipation from the theoretical model, p = 0 is chosen.
The frequency of the electron collisions is varied by changing the electron temperature. Fig-
ure 2.15 displays the two peaks present in Fig. 2.4 at the same plasma conditions but with
the electron temperature varied. The top panel, Fig. 2.15(a), corresponds to the first peak,
and the bottom panel, Fig. 2.15(b), to the second. The horizontal axes corresponds to the
frequency scaled to the hydrogen cyclotron frequency at the bottom of the well, and the
vertical axes, to [By|®. The spectra have been normalized to their peak value. The solid,
dashed, and dash-dotted curves correspond to electron temperatures of 7, = 5, 2, and 1 eV,

respectively. Using Eq. (2.30), these temperature values correspond to a scaled collision
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Figure 2.15: Power spectra with u = 0 at three different electron temperatures. Solid,
dashed, and dash-dotted curves correspond to electron temperatures, 7, = 5,2, and 1 eV,
respectively. All other parameters are the same as in Fig. 2.4 (a) First peak. Quality factors
are 229, 145, and 60, respectively. (b) Second peak. Quality factors are 406, 228, and 95,

respectively.

frequency of 271, /Qp = 2.6, 9.1, and 23, with quality factors for the first peak, @ = 229,
145, and 60; and for the second peak, ) = 406, 228 and 95, respectively.

Experimentally, LAPD discharges typically have electron temperatures of 5-8 eV. For the
electron temperatures surveyed in Fig. 2.15, even at 1 eV, the collisions are not sufficient
to explain the experimental results, giving quality factors that are roughly 3-5 times greater
than those observed in the experiment. If the value of k] ,,;,, the lower bound of the Fourier
integral, is artificially increased at electron temperatures of 5 eV, the quality factors of the
observed peaks decline to realistic values obtained in the experiment. This is because electron
collisions are able to dissipate energy due to interaction with the parallel electric field. At
small values of k| , the parallel electric field decreases in relative amplitude, and the electron
collisions are unable to dissipate the energy. For this reason, electron collisions are unable

to explain the quality factors associated with the long-lived, small £, modes. An additional
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source of damping is required that must be included in the perpendicular component of the
dielectric tensor. If an ad hoc damping mechanism is included, Fig. 2.4 is obtained. The
quality factors for the peaks in this plot are 25 and 27. These values are much closer to
the observed values, and this suggests an additional damping mechanism beyond what is

included in the model is required.

One physical mechanism that could introduce an imaginary part in the perpendicular
dielectric tensor is the presence of ion-neutral collisions. If the interaction is modeled by the

collision of two solid spheres, then the corresponding cross section is
o=m(ri+m)°, (2.41)

where r; and r, are the effective radius of the ion and neutral, respectively. From this cross-
section, the collision frequency of an ion with the background neutrals can be determined.

This calculation results in [54]

T\ 12
Uip = nna( 81, ) , (2.42)

TMin,
where m;, is the reduced mass of the colliding particles. Taking the neutral density to be
n, = 10 cm ™3, the ion temperature to be T; = 1 eV, and the collision to be ionized hydrogen
colliding with neutral hydrogen, with r; = r, = 0.5 x 1078 cm, the Bohr radius, then the
collision frequency is 696 Hz. Scaling this collision frequency to the cyclotron frequency of
hydrogen, 27y, /Qp = 6 x 1074, far below the frequencies observed in the experiment. For

this reason, ion-neutral collisions are unlikely to explain the observed quality factors.

Cyclotron damping is also unlikely to explain the observed quality factors. Large cy-
clotron damping occurs when (w — n€2;)/k)v; ~ 1. Taking w = n€); + Aw and w/k| ~ v4,

the condition for cyclotron resonance is

A Ui
ov b (2.43)
w VA

For parameters relevant to the experiment, the right hand side of the above equation evalu-
ates to roughly 0.01. This means that cyclotron damping is only relevant over a bandwidth

of roughly 1% of the cyclotron harmonic. For this reason, it is not an adequate mechanism
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to explain the observations. In considering Landau damping, a generalization of the parallel
dielectric must be made which includes both electron collisions and kinetic damping [55]. It
is possible that Landau damping contributes, but it suffers from the same deficiency as elec-
tron collisions; it will not damp modes with small values of k£, . Another possible mechanism
to explain the observed quality factors is enhanced radial convection of the mode in the re-
flection layer due to coupling to the compressional and ion-Bernstein waves. To include this
effect in a full-wave description, Eqgs. (2.13) and (2.14) must be solved with finite-Larmor-
radius terms included in the formulations of €, and e,,. In the absence of this investigation,
these effects are explored from a ray-tracing stand point in the next chapter, where it is
concluded that they are also unlikely to explain the observed damping. This ray-tracing
investigation will include the effects of magnetic-field line curvature which would influence
the refraction of the waves. Other possible effects that could lead to the low observed qual-
ity factors are radial density gradients, mode conversion to an ion-Bernstein wave near the
position at which the wave frequency matches the second cyclotron harmonic of helium, and
transit time acceleration in the reflection region. These effects are not considered in this

dissertation.

In summary, cavity modes have been observed in a magnetic well that have eigenfre-
quencies consistent with theoretical predictions describing an ion-ion hybrid resonator. The
eigenfrequencies are predicted within reasonable accuracy, considering the approximations
in the theory and the uncertainties in the plasma parameters. From the experimental data,
it is clear that non-axisymmetric modes are also present in the device. This suggests that
the eigenfrequencies are largely independent of azimuthal mode number. The quality factors
observed in the experiment are an order of magnitude smaller than those which would be
predicted by electron collisions alone. Further, ion-neutral collisions, ion-cyclotron damping,

and Landau damping are also unlikely to explain the observed quality factors.
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CHAPTER 3

Effects due to a nonuniform magnetic field

For a specific magnetic well geometry, ray tracing studies are useful in determining the degree
to which the wave energy can be trapped. Several studies have investigated the propagation
of shear Alfvén waves in the presence of multiple ion species in a dipole magnetic geometry
8, 12] and in mirror machines [56, 57]. This chapter builds on the previous ray tracing studies
to assess the properties of possible ion-ion hybrid resonators in other geometries relevant to
contemporary laboratory experiments, and with differing plasma parameters. Specifically,
ray tracing studies are performed in a geometry relevant to LAPD to assess the degree
to which radial convection of the wave energy influences the quality factors determined in
Chapter 2. Ray tracing studies are also performed in toroidal geometries to understand more
clearly whether a resonator could exist within a burning plasma. Because of the large ion
temperatures that would exist in such a plasma, finite Larmor radius (FLR) effects for the
ions must be included in the dispersion relation. The introduction of finite ion temperature
into the problem allows the possibility of coupling between the shear wave and the IBW.
While this chapter does not address the mode conversion problem, it illustrates the effect of

ion temperature on the ray trajectories for burning plasma conditions in ITER.

The chapter is organized as follows. Section 3.1 reviews the ray tracing formulation and
details the numerical method used to solve the resulting equations, paralleling the method
used by Rauch and Roux [8]. The section also presents expressions for the group velocity that
are used in analyzing the results for different plasma devices. Section 3.2 examines group
velocity contours and ray trajectories relevant to the experiments detailed in Chapter 2, and
estimates the quality factors expected for the resonator due to radial spreading of the wave

energy alone. Section 3.3 examines the ray trajectories of waves launched in the Enormous
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Toroidal Plasma Device (ETPD) [58] and discusses the effects of field-line curvature on the
ray. Section 3.4 considers ray trajectories of waves in ITER and discusses the implications
of finite temperature effects. Section 3.5 discusses the validity of the ray tracing approach

in the geometries considered and summarizes the results.

3.1 Formulation

3.1.1 Ray Tracing Equations

In formulating the ray tracing equations, the dispersion relation is used to determine the
frequency as a function of the wave vector and the plasma parameters (which presumably
vary with position but are assumed constant in time in this dissertation). This frequency
then becomes the effective Hamiltonian for the ray trajectory with the wave vector playing
the role of the canonical momentum [59]. However, the ray tracing equations for the position
of the ray, r, can alternatively be formulated in terms of the index of refraction [60], n, and

the scaled wave vector, v = k/kqy. In this approach, the ray tracing equations take the form

dr 1 on

&t (V ‘”a—v) : (3:1)
dv 10n

av _1on 2
ds nor (3:2)

In Egs. (3.1) and (3.2), s is a measure of the path length and is related to the time variable

through s = ct.

To apply the previous equations to the situations of interest here, the expression for the
index of refraction must be obtained for the shear Alfvén wave. The dispersion relation is
extracted from Maxwell’s equations with the plasma dielectric included. This leads to the

expression,
<6L - n2) <5L5H — e n?sin® ¢ — gl cos? @b) — eiy (5\\ — n?sin? @/}) =0, (3.3)

where 1 is defined as the angle between the confinement magnetic field and the scaled wave
vector. It obeys the relation,

v - By = nBycos . (3.4)
42



In Eq. (3.3), the role of the off-diagonal term of the dielectric tensor is clear; it leads to
coupling between the shear and the compressional roots. This is seen by the fact that upon
neglecting it, the dispersion relations for the shear wave and the compressional wave are

recovered independently for any 1. Including this term leads to the expression,

,  bE|b]\/1— 4ad/b? (3.5)
n’ = )
2a ’

with,
a=¢e sin® + g cos® ¢, (3.6)
b= (1 —e2,)sin® ¢ +ere) (1 + cos® 1)), (3.7)
d=¢) (e —¢2,). (3.8)

The appropriate sign must be chosen for the shear root. It is not specified here as the
choice depends on the value of the wave frequency relative to the cyclotron frequencies of
the individual species. From Eq. (3.5), it is clear that n only depends on v through the
angle, ¥. Differentiating Eq. (3.4) with respect to v results in the expression

Oy vBycosy —nBy
ov  n2Bysiny

(3.9)

In all the following work, the other derivatives are evaluated numerically due to the com-
plexity of the resulting analytic expressions. These numerical derivatives are computed via
a centered difference with the difference size chosen such that any error introduced through

this approximation is of the same order as other sources of error inherent in the calculation.

In this system, it is apparent that there are seven equations that must be satisfied (six
from the differential equations, and the seventh, from the dispersion relation requirement that
|[v| = n) with six unknowns. In this sense, the system is over-determined. Rigorously, the
dispersion relation property simply reflects that the Hamiltonian for this system is conserved,
and a correct solution of the differential equations must have this property. In practice,
however, due to numerical errors, this condition can be violated after a few computational
steps are implemented. In order to address this problem, a technique proposed by Yabroff
[61] is adopted in which v is renormalized after each numerical update so that it maintains

the proper length, n.
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In choosing a numerical scheme, due to the computational expense of each function
evaluation, a multi-step method is preferred. For the implementation in this study, a fourth
order Runge-Kutta scheme is used for the first four time steps, and following that, a fourth
order, Adams-Moulton predictor corrector method is applied. This enables the time step to

be halved or doubled depending on the relative error present in the calculation.

In evaluating the index of refraction, Eq. (3.5) is sufficient for the cold plasma case as
the dielectric components only depend on the frequency, the densities of the relevant species,
and the local value of the magnetic field. When ion temperature effects are included, €, and
€4y become functions of k| = kynsiny (see Egs. (3.13) and (3.14) in subsection 3.1.2). It
naively appears that Eq. (3.5) can be solved by fixed point iteration. However, this method
fails to converge quickly near reflection points. Because of this behavior, Newton’s method

is used to solve the implicit equation numerically.

3.1.2 Group Velocity

Regardless of how the ray tracing equations are handled, the ray moves along a path deter-
mined by the local group velocity. Thus, it is useful to understand the behavior of the group
velocity when interpreting the ray tracing results. The parallel and perpendicular group

velocities are expressed as

Ow
- 1
Ul = g, (3.10)
ok
VgL = —%lvgu. (3.11)

In evaluating these expressions, the cold plasma approximation for the parallel dielectric is
used as given in Eq. (2.18). For the perpendicular dielectric and off-diagonal components,
both the cold and warm plasma expressions are considered in order to determine the relative
effects of finite ion temperature on the rays. The cold plasma expression for £, is given in
Eq. (2.19), and the off-diagonal component, &, by the expression,
2w
= Y B (3.12)

021w
i 2
j=12 J Q].
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While the displacement current and the electron contribution can be neglected in £, the
electron contribution must be included in €,,. For this reason, the electron contribution has
been partitioned to match each ion contribution in order to yield the compact expression in

Eq. (3.12). When ion temperature effects are included, the expressions are

ZZ ! I(klpﬂ) Mﬂ (3.13)

P
j=1,2 =1 Jl—(m> k0]

er 2w 2 2 2
Eoy=——2+ ) > B 5 (LK p3) — L(k3 p2)) e M, (3.14)
w, wll;
j=1,2 =1 1-— (m )

where p; is the thermal Larmor radius of the j-th ion species, and I; is the modified Bessel
function of order [. From these expressions, it is seen that in this approximation, v;/v4 < 1,
the dielectric does not depend on k|, which makes it straightforward to solve the dispersion

relation for k). The resulting expression is

ki _/<:25L+ [kl (kgoZe. —1) £ D], (3.15)

D= [kt (1+ k382 ) + 4kie2, (1 + k3 62), (3.16)

with 0. = ¢/wy. the electron skin depth. This expression can be used to evaluate the parallel

and perpendicular group velocities leading to

v = y
N 2+ 1302 £ k102 (1+ K302e1) /D) 2 (Kew) % [Ahdery (1 + K302) /D] 2 (k3ey)

(3.17)
2h8 (1+K202) (21092 — =y 320 ) — B2 [20F + K2 (14 K2 02)|
Vgl = G + , (318)
2%k [%ﬁ VR — kel (24 ki(sg)]
ko [kﬁ (1— k2%, ) — 2k3 k2022, — ke, — kio? (€2, — 53)}
G = (3.19)

ki [%ﬁ F R — kel (24 ki(sg)]

In the following sections these expressions are evaluated for the relevant machine parameters.
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3.2 Propagation in LAPD

To better understand the ray trajectories to be presented, it is useful to first consider the
behavior of the group velocity for the relevant plasma conditions. Figure 3.1 shows color
contours of the dependence of the group velocity on perpendicular wave number and scaled
frequency, using the cold ion dielectrics in Egs. (2.19) and (3.12). The parameters correspond
to the experiments reported in Chapter 2. A hydrogen-helium plasma is considered with
concentration ratio ny/n. = 0.45 and satisfying charge quasi-neutrality. The electron density
is n. = 1.3 x 102 cm ™3, the magnetic field, B = 750 G, giving an Alfvén speed of vy =
8.85 x 10" cm/s . Figure 3.1 displays the components of the group velocity vector as color
contours over a relevant range of values of the scaled perpendicular wave number and scaled
wave frequency. The top panel, Fig. 3.1(a), illustrates the dependencies of the parallel group
velocity, and the bottom panel, Fig. 3.1(b), those of the perpendicular group velocity. On
the horizontal axis, the wave frequency is scaled to the cyclotron frequency of helium. In
the LAPD resonator experiment this would be equivalent, for a fixed wave frequency, to
the axial coordinate along which the strength of the magnetic field varies. On the vertical
axis, the perpendicular wave number is scaled to the electron skin depth and shown over
a positive range of values. Note that the color scale for the bottom panel, Fig. 3.1(b), is
two orders of magnitude smaller than in Fig. 3.1(a), and also, that it includes positive and
negative values since the waves can have a backward character in the perpendicular direction.
From these displays, it is clear that for k£, 6. > 0.1 (indicated by the white dashed line), the
parallel group velocity is much larger than the perpendicular group velocity resulting in
essentially field-aligned propagation. There is a parallel cutoff for the wave at the ion-ion
hybrid frequency, w/Qp. =~ 2.12, represented by the vertical, dashed red line. For larger
scaled-frequencies the wave is backward-traveling with the perpendicular phase velocity and
the perpendicular group velocity having opposite sign. These are all typical characteristics of
the shear wave. As k,; decreases towards zero, the perpendicular group velocity switches sign,
becoming a forward-propagating wave. In this region the ion-ion hybrid frequency ceases to

act as a cutoff, and the wave is no longer field-aligned, having a significant perpendicular
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component to the group velocity, as is more typical of a compressional mode. However, in
LAPD the finite radial dimension of the plasma does not allow these compressional features
to play a role, i.e., the window of propagation lies above the white dashed line indicated in
Fig. 3.1. Lastly, the peculiar feature at w/Qp. = 3.04 deserves mention. At this frequency
the off-diagonal component of the dielectric tensor, ,,, vanishes; since no coupling to the
compressional mode exists, the mode remains backward- traveling for all values of k. For

a general two-ion species plasma this behavior occurs at the cross-over frequency,

o wing + wfﬁQ? (3.20)
T wH Qs 4 wh

Figure 3.2 presents horizontal line-cuts of Fig. 3.1, illustrating the variation of the group
velocity components at selected values of the scaled perpendicular wave number. The top
panel, Fig. 3.2(a), again corresponds to the parallel group velocity, and the bottom panel,
Fig. 3.2(b), to the perpendicular group velocity. The horizontal axis in both plots corre-
sponds to the scaled frequency as in the contour plots of Fig. 3.1. The four selected curves
in each panel use values of k0. = 0.086 (solid), 0.11 (dashed), 0.16 (dashed-dotted), and
0.34 (solid with dotted markers) that correspond to the ray trajectories described in Figs.
3.6-3.9, respectively, shown later in this section. For comparison, the white dashed line
in Fig. 3.1, corresponding to the smallest possible perpendicular wave number in LAPD,
has the value of k; 9., = 0.098. Thus, the perpendicular wave numbers represented in Figs.
3.6-3.9 are representative of those which would be found in the LAPD resonator. From the
top panel of Fig. 3.2, it is apparent that there is very little change in the parallel group
velocity as k| increases over this parameter range. The cutoff is located at roughly the ion-
ion hybrid frequency, and the wave continuously slows down as it approaches the hydrogen
cyclotron resonance (i.e., w = 4Qp.). The lower panel shows a much more drastic change in
the perpendicular group velocity. Due to the inclusion of €., in the dispersion relation, the
perpendicular group velocity is always slightly positive near the ion-ion hybrid frequency,
although this effect decreases in importance as k; increases. As k, increases, the line-cuts

exhibit the backward-traveling property of the shear Alfvén wave over a larger portion of
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Figure 3.1: Contour displays of components of group velocity for upper branch of shear
Alfvén wave obtained from cold plasma dispersion relation for LAPD parameters. Ion mix-
ture is 45% H+, 55% He+, magnetic field strength is 750 G and the electron density is
1.3 x 102cm™3 . Vertical axis is the scaled perpendicular wave number, k., and the hori-
zontal axis, the scaled frequency, w/Qpy.. (a) Parallel group velocity, (b) perpendicular group
velocity. White dashed line represents lower limit on perpendicular wave numbers allowed
in LAPD due to finite radial size. Red dashed line represents the ion-ion hybrid frequency.

Note that contour scales in panels (a) and (b) differ by two orders of magnitude.
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the frequency range. But at small values of k,, the wave becomes forward-traveling, as the

coupling to the compressional mode increases.

Figure 3.3 illustrates the behavior of the shear-mode dispersion relation when finite ion
temperature is included for LAPD conditions. Shown are color contours of the scaled parallel
wave number kjva/Qp. as a function of scaled perpendicular wave number and frequency.
The calculation uses Eqgs. (3.13) and (3.14) in place of Egs. (2.19) and (3.12). The base
plasma parameters are the same as in Figs. 3.1 and 3.2, but now the ion temperature is set
to T; = 1 eV for both ion species. This results in a ratio of py./d. = 0.6. The vertical axis is
the scaled perpendicular wave number, and the horizontal axis is the scaled frequency. The
same scaling factors as in Fig. 3.1 are used for both quantities. At small values of k, J.,
the wave propagates for all frequencies, and exhibits compressional-mode behavior. As k| .
increases, a parallel cutoff appears. Its value starts close to the ion-ion hybrid frequency
(wii /Qpe = 2.12), but due to temperature effects it deviates slightly from this value, as
indicated by the thick white lines, which correspond to the k) = 0 condition. Two kinetic
features appear at the cyclotron harmonics of helium, but they are small effects due to the
small temperature considered. An important feature illustrated near the top right quadrant
of Fig. 3.3 is that, for large k,, and frequencies above the third helium harmonic, the
contours exhibit a leftward tilt. Because the perpendicular group velocity can be expressed
as Vg1 = (Ow/0k,) with k| fixed in this partial derivative, the direction of this component
of the group velocity can be deduced from the direction that a contour of constant k| takes
in this display format. If the contour moves right (left) for increasing &, , then the wave is

forward (backward) traveling.

Figure 3.4 uses the same display format and color scale as Fig. 3.1. It illustrates the
effects caused by the inclusion of a finite ion temperature to shear-mode propagation in the
LAPD plasma, for the plasma parameters of Fig. 3.3. Again, the red dashed line represents
the ion-ion hybrid frequency. The first four harmonics of the helium ion are included in
the expressions for €, and e, as they fall in the frequency range displayed. The general
features are as before with the addition of enhanced perpendicular propagation, indicating
ion-Bernstein wave (IBW) features, especially for frequencies close to the cyclotron harmonics
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Figure 3.2: Line cuts of contour displays in Fig. 3.1 for selected values of k) J.. (a) Parallel
group velocity, (b) perpendicular group velocity. Vertical axis is the corresponding com-
ponent of the group velocity and horizontal axis, the scaled frequency. The solid, dashed,
dash-dotted, and dotted curves correspond to values of k6, = 0.086, 0.11, 0.16, and 0.34,
respectively. The parallel group velocity is largely unchanged over this parameter range
while the perpendicular group velocity indicates reflections in the perpendicular direction
due to the inclusion of ¢,, in the dispersion relation. At small values of &k, these reflec-
tions are close to wy given by Eq. (3.20). As k) increases, the reflections move towards w;;
and Qy. The wave is forward-traveling for frequencies close to w;; indicating a reversal in

perpendicular direction as the wave approaches the parallel reflection point.
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Figure 3.3: Contour display of dispersion relation for the same LAPD base parameters used
in Fig. 3.1, but now both ion species have a finite temperature of T; = 1 eV. The vertical
axis is the scaled perpendicular wave number, the horizontal axis the scaled frequency, and
the contours correspond to the scaled parallel wave number. The k = 0 contour is given by
the white curves. Finite ion- temperature effects appear at the second harmonic of helium
where coupling to IBWs occurs. A similar feature exists at the third harmonic but is less
pronounced. Due to FLR effects, the k) = 0 contour no longer converges to w;; asymptotically

as k| — 0o .
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and to the ion-ion hybrid frequency. Also, at larger k; the cutoff-frequency differs from the
value of the ion-ion hybrid frequency. The large perpendicular group velocity near the cutoff
can be explained by the departure of the cutoff from the ion-ion hybrid. Figure 3.5 shows
line-cuts of Fig. 3.4, similar to those in Fig. 3.2 associated with Fig. 3.1. The line styles
correspond to the same values of k)0, as in Fig. 3.2. Comparing Fig. 3.5 to Fig. 3.2, it
can be seen that the perpendicular group velocity is larger near the cutoff when finite ion
temperature is included than in the cold ion case; the parallel group velocity is essentially

unchanged. Further, a bite-out at w/y. = 3 exists due to the cyclotron harmonic response.

With this background, the ray tracing results are now examined. The magnetic field

is defined as in Chapter 2 in both Eq. (2.2) and the preceding discussion. The axial (z-
dependence) of the magnetic well is approximated by the expression

2

sz)zlimH+(BmM——Bmm)&mh2(§§>, (3.21)

where, B, = 750 G, Bhax = 1250 G, and L = 182.6 cm. For the ray trajectories presented

in this section, the frequency is f = 818 kHz or w/Qy = 0.71 at B = B, corresponding to

the largest peak shown in Fig. 2.7. Each ray trajectory begins at the origin of the cylindrical

coordinate system. The initial angle, 1, between the z-axis and the initial scaled wave vector,

v, is varied for each ray with the magnitude of v determined by the dispersion relation. This

initial choice of 1 sets the value of the perpendicular wavelength, which is mostly invariant

along the trajectory; small variations arise due to the radial component of the magnetic field

whose magnitude increases with radius.

In determining the resonator quality factor, (), due solely to radial spreading of the
associated ray, it is useful to start from the definition

Q=wp, (3.22)

where U is the energy stored and P is the power lost. The stored energy can be written
as U = umrR?d where R is the transverse dimension of the device, d is the spatial extent of

the well in the longitudinal direction, and @ is an average energy density stored in the wave
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Figure 3.4: Contours of group velocity including finite ion temperature corresponding to
conditions used in Fig. 3.3. To be contrasted to the cold ion case of Fig. 3.1. Vertical
axis is the scaled perpendicular wave number and horizontal axis is the scaled frequency.
(a) Parallel group velocity, (b) perpendicular group velocity. Red dashed line represents w;.
Finite ion temperature generates features near harmonics of 2y, and causes the parallel
cutoff to deviate from wj; at large values of k£, . A large, perpendicular group velocity is now
present near the parallel cutoff. Note that contour scales in panels (a) and (b) differ by two

orders of magnitude.
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Figure 3.5: Line cuts of contour displays in Fig. 3.4 for selected values of k) d.. (a) Parallel
group velocity, (b) perpendicular group velocity. Vertical axis is the corresponding compo-
nent of the group velocity and horizontal axis, the scaled frequency. Line styles correspond
to the same values of k£, in Fig. 3.2. Overall, the qualitative behavior is similar to the
cold ion case of Fig. 3.2 except that a bite-out appears in both components of the group
velocity at w/Qy. = 3, the parallel cutoff moves to higher frequencies as k; increases, and

the perpendicular group velocity is much larger near the parallel cutoff.
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across the column of the plasma. The expression for the power lost is P = v, 2r Rdu,—g
with u,—p, the energy density at the edge of the plasma and v, , the average perpendicular
group velocity over the trajectory of the ray. This can be computed by v,, = Ar/At where
Ar is the radial displacement that a ray experiences upon traveling from the center to the
reflection point and At is the time it takes for the ray to travel this distance. Implicit in
this expression is the assumption that all wave energy that reaches the plasma edge escapes.

Substituting these expressions into Eq. (3.22) gives the expression

Q:[ u ]ﬂwm. (3.23)

Up—p | A7

The factor contained in square brackets is a geometric factor and depends on the radial
eigenmode of the system. Taking this factor to be of order unity, an estimate for the quality
factor can be extracted from the ray tracing studies. The radius, R, is taken to be the width
of the plasma column which is roughly 20 cm. The remaining parameters can be determined

by examining the specific ray in question.

In Figs. 3.6-3.9, various ray trajectories in the (z,7) plane are shown. In each figure,
the vertical axis is the z-axis of the plasma column, and the horizontal axis represents the
transverse, radial direction r. No motion for the rays in the azimuthal direction is considered.
The solid curves represent rays calculated using the cold ion dielectric as given in Egs. (2.18),
(2.19) and (3.12). The dashed line uses the warm ion dielectric as given in Egs. (2.18),
(3.13), and (3.14) with an ion temperature 7; = 1 eV for both species. The initial angles are
Yo = 81.5°, 83.4°, 85.4° and 87.7° for Figs. 3.6, 3.7, 3.8, and 3.9 respectively, resulting in a
higher k, value for each successive figure (k6. = 0.086, 0.11, 0.16, and 0.34, respectively).
As mentioned previously, these values correspond respectively to the solid, dashed, dash-
dotted, and dotted lines in both Figs. 3.2 and 3.5. Note that the length-scale used for
the axial direction in Figs. 3.6-3.9 is a factor of 100 larger than in the transverse direction
because wave propagation is essentially along the magnetic field. Also, Figs. 3.6-3.9 display
the behavior on small radial scales on the order of centimeters; this is done to aid the reader
in understanding the plots. The features of the ray trajectories displayed extrapolate well

to larger radii, except that the curvature of the mirror magnetic field causes a slight bowing
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Figure 3.6: Ray trajectories for LAPD. Vertical axis is the axial displacement of the ray,
and the horizontal axis, the radial displacement. The rays are launched from the center of
the magnetic well (r = 0,z = 0) with the initial value of k; corresponding to the value
associated with the solid curves in Figs. 3.2 and 3.5. Note that the axial scale (z) is two
orders of magnitude larger than transverse scale (r) to accommodate the highly field-aligned
propagation. The solid curve uses cold ions, and the dashed curve includes finite ion tem-
perature effects. Both rays are predominantly field-aligned exhibiting only slight transverse
displacements close to the reflection layer. The transverse propagation near the reflection

layer is dominant and causes the rays to wander towards the edge of the plasma.

as the ray propagates between reflection points.

From Fig. 3.6, it is seen that the perpendicular group velocity reverses direction in both
the cold and hot rays as they approach the reflection point. This is in agreement with the
contour plots of the group velocity, as shown in Figs. 3.1 and 3.4. This feature follows from
the fact that, near the midplane (z = 0), the wave is a backward wave, hence it focuses
radially, while near the reflection layer radial-spreading results because the wave becomes
a forward wave. In order for the wave energy to be lost (or not) out of the column, one
effect must dominate over the other. In this case, it is clear that the transverse motion near
the reflection point is dominant and causes net wave propagation towards the edge of the

plasma. It is also apparent that finite ion temperature leads to enhanced transverse motion
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Figure 3.7: Ray trajectories for LAPD with initial value of k, corresponding to the value as-
sociated with the dashed curves in Figs. 3.2 and 3.5. Top panel (a) uses cold ions, and bottom
panel (b) includes finite ion temperature. The top panel shows that the backward-traveling
nature of the ray at the center of the well (z = 0) is counterbalanced by the forward-traveling
nature of the wave near the reflection points resulting in little net transverse motion of the
ray even after many transits. This effect is not present in the bottom panel as the inclusion

of ion temperature causes increased transverse motion near the reflection point.
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Figure 3.8: Ray trajectories for LAPD with initial value of k; corresponding to the value
associated with the dashed-dotted lines in Figs. 3.2 and 3.5. Top panel (a) uses cold ions, and
bottom panel (b) includes finite ion temperature. For the top panel, the backward-traveling
nature of the ray near the center of the well (z = 0) dominates and the ray wanders to the
plasma edge. In the bottom panel, the backward-traveling nature of the wave towards the
center is balanced by the forward-traveling nature at the reflection point. The resulting ray

almost retraces itself.
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Figure 3.9: Ray trajectories for LAPD with initial value of k; corresponding to the value
associated with the solid curve with dotted markers in Figs. 3.2 and 3.5. Here the solid curve
uses cold ions, and dashed curve includes finite ion temperature. For this wave number the
backward-traveling nature of the wave dominates the transverse motion of the ray in both

cold and warm ion cases causing the rays to move to the plasma edge.

near the reflection layer over the cold ion result, as expected from Figs. 3.1 and 3.4. In
computing the quality factor, Eq. (3.23) is used here and in all subsequent calculations. It is

determined that QQ = 230 for the cold ion ray and Q = 160 when ion temperature is included.

It is not necessarily the case that the inclusion of finite ion temperature leads to smaller
Q-values. In the top panel of Fig. 3.7 and the bottom panel of Fig. 3.8, it can clearly be
seen that little radial wandering occurs due to the balance of the transverse motion near the
midplane (z = 0) and near the reflection layer. This occurs at different initial angles for the
cold-ion and warm-ion trajectories due to the increase in the perpendicular group velocity
for the warm ions. It is conceivable that, if properly tuned, a ray would perfectly retrace
itself and the quality factor due to radial spreading would be infinite, as no radial motion
would take place. The quality factors for Fig. 3.7 are Q = 2500 for the cold-ion ray and Q =
430 for the warm-ion case, while for Fig. 3.8 these values become (Q = 130 and Q = 14,000,

respectively.

For Fig. 3.9, it is clear that the backward-traveling motion at the midplane (2 = 0)
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is dominant and leads to the ray quickly traveling to the edge of the plasma. Again, the
perpendicular motion of the ray near the reflection layer is more pronounced when ion
temperature is included. In this case the quality factors are Q = 130 for the cold ions and

Q = 360 for warm ions.

Finally, it must be noted that the assumptions underlying the ray tracing equations are
not rigorously satisfied as applied to the LAPD resonator in the axial direction, because the
axial gradient scale length of the confinement magnetic field in the resonator configuration
used in LAPD is comparable to the axial wavelength of the candidate eigenmodes. However,
there is no such deficiency in the radial direction. The present ray tracing results can,
however, be used to obtain an estimate of the qualitative features that would be present
in a full wave treatment that includes both the effects of ¢,, and finite ion temperature.
Specifically, coupling to the IBW in the reflection layer is not expected to enhance the loss
of wave energy for the parameters present in the experiment. Additionally, these features
are useful in understanding the remainder of the chapter, as well as in illustrating properties

expected in future discussions of resonator phenomena.

3.3 Propagation in ETPD

The background magnetic field in the Enormous Toroidal Plasma Device (ETPD) at UCLA
[58] is well-described in zeroth-order by a toroidal field. Adopting different notation in this
section, a cylindrical coordinate system is defined to be (p, ¢, z). In this coordinate system,
the magnetic field takes the form,

B, ~
— ﬁ()COSQ : (3.24)
For the present configuration of ETPD, By = 200 G is the magnetic field strength on axis,
R = 500 cm is the major radius, r is the radial distance from the magnetic axis, and 6 is the
poloidal angle. In the actual operation of the device, a small vertical field (z-component)

is applied to create a helical field-line geometry consisting of multiple plasma rings. In this

manuscript, the z-component is neglected in order to gain an understanding of the pure
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effects of field-line curvature on the ray path. The plasma considered consists of two ion
species, hydrogen and helium, of equal concentrations with a generic electron density of
ne = 1 x 102 ecm ™2, and equal ion temperatures of T; = 10 eV. Because of the significantly
lower magnetic field and much larger ion temperature than is achieved in LAPD, finite ion

Larmor radius effects play an important role in the ray trajectories in ETPD.

In the purely toroidal field, two wave propagation invariants exist. The first is the
z-component of the wave vector, k,. The second invariant, m, is related to the toroidal
component of the scaled wave vector, ks, = m/p. For simplicity, k, is set to zero, and due to
the nature of the magnetic field, k) = k4 and k; = k,. Due to the invariant nature of the
parallel wave number, k)| cannot vanish except when it is zero from the outset. This precludes
the possibility of a resonator in this environment, but the rays, in principle, can sample the
ion-ion hybrid layer due to cross-field propagation. Using the simplified dispersion relation,
Eq. (1.3), which neglects coupling to the compressional wave, and solving for k, gives

m2

202 _
k262 = (3.25)

k2p%,
It is clear from this expression that a radial reflection point exists at p = m/ko /e pre-
venting the ray from traveling to larger radii. As this radial reflection point is approached,
k| becomes small, and the wave starts to exhibit compressional features. This alters the

predominantly field-aligned propagation characteristic of the shear mode

Figure 3.10 illustrates two ray trajectories in ETPD, each corresponding to a frequency
of w/Qge = 2.6 at the starting radius, 7 = 0 cm. The vertical axis indicates the distance
of the ray from the minor axis. The horizontal axis is the time (in ps) that is required for
the ray to travel from the starting position (r = 0) to a given value of r. The solid curve
is a ray calculated with the cold ion dispersion relation, and the dashed curve, a ray that is
found from the warm ion expressions. The two dash-dotted lines represent the positions at
which the frequency matches the local ion-ion hybrid frequency, w;;/Qpge = 2, at r = —116
cm, and the third cyclotron harmonic of helium at r = 77 cm, as labeled in the figure. The
direction of the gradient of the magnetic field strength is also shown, increasing for negative

values of r. The ray is launched from an initial position where the x-axis intersects the
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minor axis, ro = Rx. The initial wave vector is placed in the plane defined by the vectors
p and é& with the angle between the wave vector and the magnetic field set to ¢y = 88.9°
and set to a negative value for both the solid line and the dashed line (which, for the dashed
line, gives a value of k0. = 0.5 with pg./d. = 6.1 initially). The solid curve illustrates
the backward-traveling nature of the shear mode as it initially propagates towards positive
values of r. As it approaches the radial reflection point, at roughly t = 120 us, the group
velocity switches direction due to transitioning from a backward-traveling wave with high &
to a forward traveling wave with small k. This is due to the coupling associated with the e,
term included in the dispersion relation. As k; continues to decrease, eventually k, flips sign,
and the wave experiences another, more abrupt, radial reflection. The process then occurs
in reverse order, but now with a positive k,. From the ray trajectory, it can be deduced that
the toroidal field preferentially increases the value of k,. This can be understood from Eq.

(3.2). If On/0Or is expanded in terms of the parameters on which it depends,

et e (3.26)
The first term on the right is a pure curvature effect, and the second term is due to the
magnetic field gradient. It is clear from Eq. (3.25) that the effect of curvature causes |k,|
to decrease from its initial negative value towards zero as the ray travels radially outward
(towards positive r). Upon reflection, k, becomes positive, and its value increases as it travels
radially inward (towards negative r). The result is that the curvature tends to increase k, as
the ray propagates. Similarly, on/0B < 0 and 0B/0r points radially inward leading to the
same effect due to the magnetic gradient. Thus, for the cold ray, £, is always increasing as
it propagates. This curvature effect is not exclusively a two-ion effect, but is present also in
a single-ion species plasma when ion temperature effects are negligible. Finally, a comment
should be made regarding the two-dimensional representation of the three-dimensional ray
trajectory. Because the parallel group velocity is much larger than the perpendicular group
velocity over a majority of the ray trajectory, the ray completes several toroidal transits

during the course of its motion. For example, at t = 120 us, the cold ray experiences roughly

three toroidal transits.
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Figure 3.10: Ray trajectories for ETPD. The plasma is comprised of 50% H+, 50% He+
ions with an electron density of 10*? cm~3. Vertical axis represents radial displacement from
the center of the plasma with positive (negative) values representing outboard (inboard)
propagation. The horizontal axis is time of propagation. The direction of the magnetic
field gradient is shown. This gradient causes the perpendicular wave number to increase in
the opposite direction. The two dashed-dotted lines represent the positions where the wave
frequency matches the local values of w;; and the third harmonic of Qy., as indicated. The
solid curve illustrates a ray trajectory using cold ions and the dashed curve uses hot ions

with 7; = 10 eV. Both rays start with &, initially pointing radially inward.
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The finite ion temperature result for this magnetic configuration contains some features
present in the cold result, but to better understand the kinetic effects, the dispersion relation
is considered in Fig. 3.11 and the group velocity, in Fig. 3.12. Figure 3.11 illustrates the
dispersion relation using the display format of Fig. 3.3. Again, the scaled frequency is
on the horizontal axis, and the scaled perpendicular wave number is on the vertical axis;
the color contours represent the scaled parallel wave number. The k; = 0 boundary is
outlined as a thick white line, as before. Figure 3.12 is the analog of Figs. 3.1 and 3.4, using
similar axes, with the contours representing the parallel group velocity shown in the top
panel and those for the perpendicular group velocity in the bottom panel. The red dashed
line represents the ion-ion hybrid frequency and would be the cold cutoff in the absence of
temperature effects. From Figs. 3.11 and 3.12 it is apparent that the inclusion of temperature
effects creates a complex structure between each cyclotron harmonic. The wave properties
can be separated into three distinct regions based on the relative values of k; and w. At
small values of k|, the dispersion relation resembles that of the compressional mode, i.e., it
propagates isotropically in the direction of the wave vector and does not resonate strongly
with the cyclotron harmonics of helium. At intermediate values of k; (roughly in the range
of k0. = 0.15 — 0.3) and values of w close to the first and second cutoffs, the wave begins
to exhibit more of the shear mode characteristics. This is evident by the regions over which
the wave is backward-traveling, and by the small value of the perpendicular group velocity
relative to the parallel component. Finally, at larger values of k; and for values of w away
from the first and second cutoff, the wave becomes increasingly forward- propagating with
increasing perpendicular group velocity. The inclusion of ion temperature introduces new
cutoffs (propagation bands) at various frequencies that depend strongly on k. The nature
of the wave at these cutoffs, whether it is forward or backward-traveling, corresponds to
the direction of the kjj = 0 contour in Fig. 3.11 as before. These properties are useful in
interpreting the ray trajectory represented by the dashed line in Fig. 3.10. For that ray,
the initial parameters are chosen such that k9. = 0.5 and w/Qy. = 2.6, so that the wave
starts as forward- traveling. Because k, has a negative value, this leads to inward (negative

) propagation. Due to magnetic gradient and curvature effects, the value of k, increases
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Figure 3.11: Contour display of dispersion relation for ETPD conditions given in Fig. 3.10
with magnetic field strength of B = 200 Gauss and hot ions. Vertical axis is the scaled
perpendicular wave number, the horizontal axis is the scaled frequency, and the contours
are the scaled parallel wave number. The k) contour is illustrated by the thick white lines.
The ‘S’ shape of the contours between helium cyclotron harmonics shows regions with a

backward-traveling wave sandwiched between two forward-traveling regions.

from its negative value towards zero, decreasing the value of k.. From Fig. 3.12(b), it can
be seen that there are three distinct regions that the wave must travel through in parameter
space as k, approaches zero. In transitioning from one region to the next, the ray changes its
direction of radial propagation. It is for this reason that there are five total radial reflections
observed in the figure. The radial reflection at ¢ = 90 us corresponds to the reversal of k,
from negative to positive. The two reflections adjacent to this k;, = 0 point represent that
transition from a forward traveling wave to a backward traveling wave at intermediate values
of k. The last two radial reflection points represent the transition from intermediate values
of k, to large values where the wave is again forward-traveling. At large values of ¢, the

wave approaches the third cyclotron harmonic of helium, located at » = 77 cm.

Figure 3.13 illustrates the trajectories of a bundle of rays launched from the same position
and with the same plasma conditions as the ray described in Fig. 3.10. The rays are all

launched at the same frequency (w/Qp. = 2.6), but differ with respect to the initial angle, 1,
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Figure 3.12: Contour displays of components of group velocity for conditions given in Fig.
3.11. Vertical axis is the scaled perpendicular wave number and horizontal axis is the scaled
frequency. (a) Parallel group velocity, (b) perpendicular group velocity. The red dashed line
is the ion-ion hybrid frequency. Regions of forward and backward-traveling waves are seen

in the bottom panel.
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between the magnetic field and the wave vector. These angles are both positive and negative
11.25°, 22.5°, 33.75°, 45°, 56.25°, 67.5°, 78.75°, 84.38°, 84.6°, 85.5°, 86.4°, 87.3°, 88.2°, and
89.1°. The survey of opening angles is roughly equivalent to starting each of the rays at a
different point along the lines in Fig. 3.10. The top panel of Fig. 3.13 corresponds to the
cold ion result (the solid curve in Fig. 3.10), and the bottom panel, to the warm ion result
(the dashed curve in Fig. 3.10). In both panels, time (in us) is displayed along the horizontal
axis with 150 microseconds corresponding, roughly, to one toroidal transit. The vertical axis
on the left side indicates radial displacement from the initial position, with positive values
corresponding to the outboard side and negative values to the inboard side of the torus. The
vertical axis on the right side shows the corresponding change in the ratio of the frequency to
the local value of the cyclotron frequency of helium. In the top panel, it is seen that some of
the rays at lower values of positive ¢ are quickly refracted out of the plasma column, in both
the positive and negative radial directions. These correspond to low perpendicular wave
number and possess compressional wave features. Those with more oblique initial angles are
more field-aligned and thus propagate farther before refracting out of the plasma column.
Rays whose perpendicular wave vector initially point inward, propagate outward (due to the
backward-traveling nature of the wave). As they do so, k; increases towards positive values
until they experience a radial reflection. Thus, the wave energy is predominantly deposited
on the inboard side. When ion temperature is included in the analysis, this picture changes.
As seen in the lower panel (note that time axis is compressed relative to that of top panel),
many rays experience multiple radial reflections as mentioned in the discussion of Fig. 3.10.
Those rays that start with £, initially pointing outward ultimately arrive at the outboard
side of the device, regardless of how many radial reflections occur. Those rays that start
with k£, pointing inward are carried to the inboard side of the device due to the large inward

radial excursion shown in Fig. 3.10 near the zero of k; .
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Figure 3.13: A bundle of rays propagating in ETPD. The vertical axis on the left represents
radial displacement from the center of the plasma with positive (negative) values represent-
ing outboard (inboard) motion. The vertical axis on the right represents the scaled frequency
associated with the radial position of the ray. The horizontal axis is the time of propagation
for the ray. (a) Cold ions. Rays with low perpendicular wave number have compressional
characteristics and are quickly lost out of the plasma. More oblique rays stay within the
plasma column for a greater length of time. Radial reflections cause wave propagation to-
wards the inboard side. (b) Hot ions. Rays with an initial perpendicular wave number
pointing towards the inboard side are turned towards the inboard side when k; becomes
small enough that compressional features dominate. Rays with perpendicular wave num-
ber pointing towards the outboard side propagate towards the third cyclotron harmonic of

helium.
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3.4 Propagation in ITER

Next, the dispersion relation and group velocity for ITER [62] burning plasma parameters
are considered. Figure 3.14 is the equivalent of Figs. 3.4 and 3.12, but now evaluated for
characteristic parameters expected for the ITER device. Accordingly, the frequency is scaled
to the tritium cyclotron frequency, Q7. A deuterium-tritium plasma is considered with equal
concentrations of each species. The total electron density is set to n, = 1.0 x 10 em=3,
the magnetic field, B = 53 kG, giving an Alfvén speed of v4 = 7.34 x 10%cm/s. The ion
temperature is 7; = 10 keV for both ion species. This results in a ratio of pr/d. = 6. Only
two harmonics are included in the expressions for €, and €, in this case. For these constant
parameters, the cold ion-ion hybrid frequency is w;;/Qp = /1.5 ~ 1.22, and is represented
by the red dashed line in Fig. 3.14. As before, the top panel, Fig. 3.14(a), corresponds to
the parallel group velocity and the bottom panel, Fig. 3.14(b), to the perpendicular group
velocity. Note that now the color scales in the top and bottom panels have been increased
each by roughly an order of magnitude from those used in Fig. 3.4 for LAPD. As was seen
in the analysis of the ETPD device, three distinct regions of k£, and w exist, corresponding
to the three different wave properties this mode can have. The k| = 0 contour, indicated by
the leading left edge of the contour plot, shows that the wave is backward-traveling near the
reflection point, but as this contour approaches its asymptotic limit at large &k, it becomes
nearly vertical in the plane and the magnitude of the perpendicular group velocity vanishes.
Figure 3.15 illustrates this property by displaying line-cuts of the group velocity at various
values of k. The horizontal axis corresponds to the scaled frequency, and the vertical axis
is the appropriate group velocity. The top panel corresponds to the parallel group velocity,
and the bottom panel, the perpendicular group velocity. The values of k6. = 0.1, 0.2, 0.3,
and 0.4 correspond to the solid line, the dashed line, the dot-dashed line, and the solid line
with dotted markers, respectively. In both panels, the thick tick mark on the horizontal axis
indicates the value of the ion-ion hybrid frequency. In the top panel, Fig. 3.15(a), it is clear
that the parallel group velocity increases and the wave cutoff moves to lower frequencies

with increasing perpendicular wave number. Both effects are attributed to the increasing
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importance of finite ion Larmor radius effects. The lower panel shows the corresponding
perpendicular group velocity. At higher frequencies, the perpendicular group velocity also
increases. Near the cutoff, the wave is backward-traveling, but with a smaller perpendicular
group velocity as k, increases. The abrupt change in value displayed at the cutoff simply
indicates that the perpendicular group velocity does not vanish near the reflection point, a

feature previously shown in Fig. 3.5 for LAPD conditions.

With this understanding, the ray trajectories are now explored in a simplified magnetic
geometry representative of a tokamak device. The magnetic field consists of a toroidal field

component, B;, and a poloidal field, B,. In the cylindrical approximation, these fields are

B, = B, (1 - %cos 9) , (3.27)
TB()

B, =20 3.28

p Rq(r) ( )

where By = 53 kG is the magnetic field at the magnetic axis, r is the radius from the
magnetic axis, R = 621 cm is the major radius, # is the poloidal angle, and ¢(r) is the safety

factor. For ease of computation, the safety factor is assumed to have a profile of the form

q(r)=1+3 (2)2 : (3.29)

where a = 200 cm is the minor radius of the device. In the numerical ray tracing code used
for this case, it is easier to solve the differential equations in Cartesian coordinates, but to
write the previous expressions in toroidal coordinates. Because of this, a mapping between
the two is helpful, i.e., (¢,0,7) — (z,y,2) is the toroidal position. These coordinates are

connected through the relations

6= tan' =, (3.30)
p

¢ = tan™? g, (3.31)
s

r=/p?+ 22+ R? — 2Ry, (3.32)

p =12+ 1> (3.33)

The representative burning plasma in ITER is assumed to be an equal mixture of deuterium

and tritium with a total electron density of n, = 10 cm™3. When temperature effects are
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Figure 3.14: Contour displays of components of group velocity for ITER conditions. The
plasma is comprised of 50% D+, 50% T+ with an electron density of 104 cm™3, equal ion
temperatures of 10 keV and a toroidal magnetic field strength of 53 kG. Vertical axis is the
scaled perpendicular wave number and horizontal axis is the scaled frequency. (a) Parallel
group velocity, (b) perpendicular group velocity. Red dashed line is ion-ion hybrid frequency.
Several of the qualitative features of the group velocity seen in Figs. 3.4 and 3.12 are also

present. Note that contour scales in panels (a) and (b) differ by two orders of magnitude.
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Figure 3.15: Line cuts of the contour displays in Fig. 3.14 for selected values of k, . The
values of k9, = 0.1, 0.2, 0.3, and 0.4 are represented by the solid curve, dashed curve,
dashed-dotted curve, and solid curve with dotted markers, respectively. The small, thick
vertical lines at the bottom of each panel represent the ion-ion hybrid frequency. (a) The
parallel group velocity. Greater variation between cuts is seen with the rays having larger
speed as k; increases. (b) The perpendicular group velocity. The frequency interval over
which the wave is backward-traveling shifts to lower frequencies, together with the reflection

point, as k; increases.
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considered, the ion temperature is taken to be T; = 10 keV for both ion species. But at
this stage, to limit complicating effects, the electron response is taken to be in the inertial
regime.

Figure 3.16 illustrates two ray trajectories in ITER, each at a frequency of f = 31 MHz.
This frequency, again, lies within the band in which trapping occurs in a cold plasma.
The plane represented is that of a poloidal cross section where the horizontal axis is the
radial position as measured from the magnetic axis, and the vertical axis corresponds to
the z-coordinate in Eq. (3.30). The black dashed curves indicate the toroidal magnetic
flux surfaces. The solid blue curve represents a ray calculated with the cold ion dispersion
relation, and the dashed-dotted red curve, with ion temperature included. Both rays are
launched from an initial position of + — R = 50 cm, y = 0 cm, and z = 20 cm. The initial
wave vector is oriented so that it lies in a plane formed by B, a unit vector pointing in the
direction of the total magnetic field and r, a unit vector pointing normal to the magnetic flux
surface. The angle formed between the magnetic field and the initial wave vector is ¢ = 89.6°
for the cold ion ray, and vy = 85.7° for the warm ion ray. The initial k, points towards the
magnetic axis, and the initial k) in the direction of the magnetic field. The direction of the
gradient of the toroidal field is illustrated in the upper, right-hand side of the figure. The
field gradient causes the wave vector to increase preferentially in the direction opposite to
the gradient; the effect exists for both cold and hot ions. The reason for this is presented
in the discussion following Eq. (3.26) in section 3.3. As in the ETPD case, the quantity,
ks = m/p, is an invariant of the motion. However, the presence of a poloidal field in a

tokamak allows for k|| to vanish at conjugate points, thus creating a resonator configuration.

The cold ray, as illustrated by the solid blue curve in Fig. 3.16, displays the backward-
traveling nature of the wave. The ray, initially with a negative k,., travels radially outward.
As it does so, the effects of both curvature and magnetic gradient as described in section
3.3, cause the value of k, to preferentially increase towards positive values. This causes a
radial reflection, which then causes the ray to reverse direction and to move inward across

the magnetic flux surfaces. The ray can be seen to wander outward for three bounces before
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Figure 3.16: Poloidal projection of ray trajectories in ITER. Vertical axis represents vertical
displacement of a ray from the magnetic axis, and the horizontal axis represents the radial
displacement from the magnetic axis. The black dashed lines represent the nested flux
surfaces. The solid (blue) curve is a ray for which the cold plasma dispersion relation is
used, and the dashed-dotted (red) curve uses the hot-ion dispersion relation. Both rays
have an initial perpendicular wave number that points towards the magnetic axis. The
direction of the gradient of the toroidal field strength is shown; the perpendicular wave
number preferentially increases in the opposite direction of this gradient. The cold ray is
trapped within the magnetic well. It wanders outward across magnetic flux surfaces before
propagating inward due to the perpendicular reflection examined earlier for ETPD. The hot
ion result is not confined due to the reflection point moving towards the inboard side of the

device as the perpendicular wave number increases.
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it starts to move inward. The trajectory, and the fact that it retraces itself due to the radial
reflection, indicates that the effects of field line curvature and magnetic gradient, in and
of themselves, do not destroy the resonator. In fact, due to the induced radial reflections,
they serve to focus the energy allowing for constructive reinforcement over the course of
multiple transits. It is worth mentioning that at the reflection points along the field line,
the conditions for ray tracing break down even though they are well satisfied away from
these reflection points. This is in agreement with the study by Rauch and Roux [8]. In their
study, they verified that close to the reflection point, the wave equation reduces to Airy’s
differential equation which confirms that reflection indeed happens. Their same analysis also
applies in the case presented here. Further, this suggests that a WKB analysis would be
appropriate for this situation. The distance traveled by a ray between conjugate reflection
points is on the order of 10 meters with the parallel wavelength being on the order of 30 cm
at z = 0. The fact that the effective wave potential becomes small near the reflection points
indicates that the connection formulas must be used and a quantization condition would

result from a WKB analysis. Such an analysis is performed in Chapter 4.

The dashed-dotted red curve in Fig. 3.16 illustrates a ray trajectory in which ion tem-
perature effects are included. In order to obtain a complete ray trajectory, an additional
ray is launched from the same starting position but with the direction of the wave vector
reversed, giving a complete passing through the region. Because of the effects of field line
curvature and magnetic gradient, the value of k,. preferentially increases as in the previous
cases. From Figs. 3.13 and 3.14, it can be seen that the inclusion of hot ion effects causes the
reflection point of the wave to decrease below the traditional, cold ion-ion hybrid frequency
as k, increases. This causes the reflection point to continuously recede away from the ray
as the ray propagates towards the reflection point. Thus, as the ray propagates, it achieves
increasing values of k; causing the reflection point to approach the cyclotron frequency of

tritium.

To illustrate the expected electron behavior to be encountered, Fig. 3.17 displays the
value of the scaled phase-velocity parameter usually entering in the plasma dispersion func-
tion, ( = w/ \/§k'”@e, where v, is the electron thermal velocity. The electron temperature is
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Figure 3.17: Scaled phase velocity parameter associated with the hot-ion ray in Fig. 3.16.
The horizontal axis is the distance traveled by the ray, which includes toroidal motion. The
vertical axis on the left represents the value of the kinetic electron parameter ( = w/ \/§k:||@e
and corresponds to the solid black curve. The electron temperature is 10 keV. The numerical
values attained indicate that the electron response is in the adiabatic regime. The vertical
axis on the right is the value of the radial displacement of the ray from the magnetic axis and
corresponds to the dashed (blue) curve. The dashed-dotted horizontal line represents the

position at which the wave frequency matches the local value of the ion-ion hybrid frequency.
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taken to be 10 keV, and k| is extracted from the hot-ion ray trajectory shown in Fig. 3.16.
The horizontal axis in Fig. 3.17 corresponds to the distance the ray has traveled (in meters).
The values of the solid black curve are given by the left vertical scale, which represents the
value of ¢ as the ray evolves. The dashed (blue) curve displays the radial position of the
ray as it moves along its trajectory and its value is displayed in the vertical scale on the
right of the figure. The dash-dotted line shows the position at which the wave frequency
matches the local value of the ion-ion hybrid frequency, where the reflection would occur if
ion temperature effects were negligible. As can be seen from Fig. 3.17, the ray travels well
past the point where it would traditionally reflect in a cold plasma. The values of  found in
Fig. 3.17 indicate that the electron response is not in the inertial regime. Instead of using
Eq. (2.18), the electrons would better be treated by the adiabatic approximation, i.e., Eq.
(2.18) should be replaced with ;

kb

g — ﬁ’ (3.34)
I

where kp = wpe/U. is the Debye wave number. To gain a qualitative understanding of
the change expected, the dispersion relation with adiabatic electrons is considered. It is a
relatively straightforward calculation to show that the dispersion relation in this case can be

solved for k:ﬁ resulting in the expression

ki + [02 + dad]* — b
g 2O 2 (3.5)

where the definitions of a, b, and d now become

k% k?
a= k_g + k—g&, (3.36)
0 0
k2 k2 k?
b:k—%’{g(k—é—i—ﬂ)—l—aiy—l—k—g}, (3.37)
k2 k2 [ k?
d = k—%’giy — k:_g (k—ési + Q&iy) : (3.38)

Figure 3.18 shows a contour display of Eq. (3.35) using Eqgs. (3.13) and (3.14) for the
dielectric tensor components, which include ion temperature effects. The plasma parameters
are for ITER values as specified previously. From the display, it is seen that many of the same

features present in the dispersion relation in the inertial case are also present in the adiabatic
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Figure 3.18: Contour display of the dispersion relation of a shear Alfvén wave in the upper
branch with adiabatic electron behavior for ITER. The vertical axis is the scaled perpen-
dicular wave number, the horizontal axis is the scaled frequency, and the contours are the
scaled parallel wave number. The general features that are present in the inertial dispersion

relation are also exhibited here.

case: coupling to the compressional wave occurs at small values of k, as k| increases; the
wave is initially forward, then backward, then forward traveling again; etc. This suggests that
consideration of adiabatic electrons may not greatly alter the general conclusions extracted
from the inertial results. However, kinetic damping has not been considered, and this is an
important consideration to determine whether the wave energy can be long-lived. Such an

analysis is performed in Chapter 4.

3.5 Discussion

It is appropriate to emphasize the degree of extrapolation made in applying the eikonal ap-
proximation to the various cases considered in this survey. The condition for the applicability
of the eikonal approximation is R = (A/n)dn/ds where X is the wavelength, n is the index
of refraction, and ds is a differential element of path length. This condition is equivalent to
the statement that the wavelength is much smaller than the characteristic length-scale over

which the index of refraction changes. For LAPD, as has been discussed at the end of section
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3.2, the eikonal approximation is not rigorously satisfied. The axial gradient scale-length is
roughly that of the magnetic field, which is approximately two meters. The smallest value
of the parallel wavelength for the cases considered is 2 - 2.5 meters, making R ~ 1. Thus,
the eikonal approximation does not work well in this direction. In this regard, the results
reported in section 3.2 should be seen as complimentary to the results shown in Chapter 2.
The new information that is extracted from the present ray tracing survey pertains to the
short perpendicular wavelength effects due to finite ion temperature and transverse gradient.
In the cases considered in section 3.2, the perpendicular gradient scale-length is on the order
of the radius of the device or 50 cm, with the perpendicular wavelength ranging from 8 - 30
cm depending on the particular case in question. Thus, the radial transport of wave energy
is well described in this picture. For ETPD, because of the toroidal symmetry of the device,
the eikonal approximation is quite valid in this direction. In the transverse direction, the
gradient scale-length is roughly the major radius of the device, 5 meters, and the perpendic-
ular wavelengths are on the order of centimeters except near a radial reflection. For ITER,
an analogous assessment holds in the perpendicular direction. However, with the inclusion
of a poloidal field, it is important to account for the direction parallel to the magnetic field.
For the cases examined in section 3.4, the parallel wavelengths are on the order of 30 cm
towards the center of the well, with the gradient length-scale being on the order of meters.
Thus, the eikonal approximation is valid in the cold case everywhere except near a parallel
reflection point. As mentioned in section 3.4, this is in agreement with an analogous study
by Rauch and Roux [8] for the Earth’s magnetosphere. That study showed that reflection
indeed occurs if a local, full-wave model is used, and a similar argument applies to the equiv-
alent cold plasma cases reported in section 3.4. When hot plasma effects are included, the
eikonal approximation is valid except in the neighborhood of the tritium cyclotron frequency,

as is expected.

From the results of Chapter 2, it is concluded that the large theoretical quality factors
are due to small values of k,, which are least damped by the electron collisions. For this
reason, the radial convection at small values of k, is of greatest interest. The quality factor

at small k, is given in the discussion associated with Fig. 3.6; in the warm ion case it is
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@ = 160, though this is accurate to a constant of order unity. If this is combined with the

effect of dissipation due to electron collisions, a total quality factor is determined by

1 1
o Z o (3.39)

where @); is the quality factor due to each individual mechanism. Using the quality factor
for Fig. 2.15(a) with an electron temperature of 7, = 5 eV results in a total quality factor of
@ ~ 90. This is roughly a factor of five greater than that which is observed. From this, it is
concluded that radial convection is a more important source of damping than that introduced
by electron collisions. However, these two mechanisms alone are still unable to explain the
low quality factors observed in the experiment. In order to explain this discrepancy, other
processes must be considered. This requires consideration of mode conversion processes
and /or particle resonances in the nonuniform wave environment to fully describe the behavior

of this resonator.

It has been demonstrated that when temperature effects are negligible, and for rays
propagating along a curved field line, field-line curvature effects preferentially increase the
component of the wave vector in the direction opposite to the curvature of the field line. This,
combined with a zero in the perpendicular group velocity, explains the radial focusing effect
identified by Mithaiwala et al. [12] in the analysis of a magnetospheric resonator. The radial
focusing of the wave enhances energy trapping in resonators that exist along a field line where
the curvature is predominantly in one direction. When ion temperature effects are considered,
similar propagation characteristics are found as in the cold-ion case. However, at sufficiently
large temperatures, three regions of parameter space are introduced which determine the
qualitative characteristics of the wave. At small values of k, d., the wave is isotropic and
strongly exhibits compressional mode characteristics. At intermediate values, the wave is
backward traveling with a cutoff existing close to the ion-ion hybrid frequency, exhibiting
shear mode characteristics. At large values, the wave again becomes forward-traveling. A
single ray can experience all three regions of parameter space as it propagates through a
plasma confined in a toroidal magnetic field, experiencing a perpendicular reflection as it

transitions from one region to the next.
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When ion temperature effects are negligible in a tokamak device, as may be the case for
edge conditions, it is clear from the ray tracing studies that a resonator can exist in such a
plasma. The effects of field line curvature cause the ray to be focused radially allowing for
many reflections which largely retrace each other. However, when ion temperature effects
are included, especially at the core temperatures expected in ITER burning plasmas, the
ray-tracing studies make it difficult to conclude whether the resonator can still exist. This
question is considered in more detail in section 4.5, where the combined effects of ion temper-
ature and shear of the magnetic field are treated. From the ray-tracing study, it is certainly
true that modes that would initially be trapped at larger frequencies in a cold plasma will

no longer reflect due to both FLR effects and the influence of magnetic curvature.
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CHAPTER 4

Shear Alfvén waves in ITER

In this chapter, a one-dimensional WKB model is employed in a tokamak geometry to more
fully explore the properties of the ion-ion hybrid resonator in a fusion environment. In section
4.1, a WKB model is rigorously derived from the field equations with the following physical
approximations. First, it is assumed that the ions do not exhibit any cyclotron or transit
time damping, so that both ¢, and ¢,, are only functions of £, and w. The electrons are
treated in both the inertial and adiabatic limits, and the compressional root is neglected. The
wave equation governing the electric field is shown to reduce to the familiar, one-dimensional
WKB model in both cases. The kinetic dispersion relation is then considered in section 4.2 in
order to determine the degree to which kinetic damping terms are important. Using sections
4.1 and 4.2 as motivation, the one-dimensional WKB model is generalized to include both
cyclotron and electron Landau damping as a small correction in section 4.3 with electron
collisions neglected. Electron collisions are negligible for the plasma parameters relevant to
ITER primarily due to the large electron temperatures present, with the electron collision
frequency roughly four orders of magnitude smaller than the cyclotron frequencies of the
ions. Properties of the eigenmodes are explored using this model. Next, instability of the
resonator modes due to energetic fusion-born alpha particles is considered in section 4.4.
This instability investigation parallels work done by Lashmore-Davies and Russell [25]. An
investigation of the influence of shear on the resonator modes is then considered in section

4.5. Finally, the results of this chapter are summarized in section 4.6.
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4.1 WKB model with no damping

A simple one dimensional model can be constructed to explore the properties of an ion-ion

hybrid resonator in a tokamak. Such a model automatically neglects the effects of field line

curvature, toroidicity, and magnetic shear. To properly assess these effects would necessarily

require a more sophisticated description. As a preliminary step, a heuristic, analytic model

is adopted in section 4.5 which does account for some of these complicated effects. Before

doing this, a simple one-dimensional model is adopted to develop intuition.

It is useful to start from Eq. (2.1) without the source term. In adopting a one dimensional

model, a slab geometry is assumed with

Lo 0
V:zlﬁx—k&z.

This results in three coupled equations for the three electric field components,

0 (0E, . .
—5 ( - szEZ> — 12 (eL By — icyB,) =0,
V4 z
0’FE
B azQy + kiEy - k(Q) <€LEZI + igﬂUyEw) - 07

, 0E, .
ZICL ( 02 —Z,I{ZLEZ> - ]fgeEHEZ =0.

The third equation can be used to remove E, from the system of equations,

ik, OE,
k3 —kiey 0z

E, =—
Upon substitution into the remaining two equations, the system is reduced to
0? k? k?
—— +kie (1 — == )| E, —ikieny (1 — 5= ) B, =0,
{922 e ( k&?n)} o kiey)
0 2 2 12
3.2 + (k‘OeL — kzl) E, + ke by = 0,

which can be recast in matrix form as

O°E |
W V(Z)EL = O,
: k
. k2e, (1 - ka) —ik2ea, (1 - kgﬂ)
ikdEry ke, —k?

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)



To make progress, the form of )| must be specified. The calculation can be performed in
two limits: the inertial limit (w/ks > ¥.) and the adiabatic limit (w/ks < v.) where 7, is
the electron thermal velocity. The choice of limit gives differing expressions for the parallel
dielectric, with all other elements of the model remaining the same. In the inertial limit, the
appropriate expression is given by Eq. (2.18). In the adiabatic limit, the parallel dielectric
is given by

1 1 02

% PR —
2 27
EH kD 82

where kp = wpe/U is the Debye wave number. It is important to remember that as the

(4.10)

reflection layer is approached, kg — 0 regardless of the choice for €. Thus, if the electrons
are in the adiabatic regime towards the interior of the well, then as the reflection point is
approached, the electrons will pass from the adiabatic regime through a resonant layer to
the inertial regime. It is difficult to capture the effects of this transition from adiabatic to
inertial in the equations as formulated. Rigorous treatment of this transition would require an
integral equation approach, though this is not done here. Instead, this damping is described
in a perturbative sense in subsequent sections of this chapter. In this section, the adiabatic

or inertial limit is taken and applied to the full well.

4.1.1 Inertial electrons

When Eq. (2.18) is used for the parallel component of the dielectric tensor, the form of Eqs.
(4.8) and (4.9) can be used without modification. At this point, the WKB approximation
can be made. It is, therefore, useful to factor the components of the electric field into a
rapidly varying function multiplied by a slowly varying function. Because there are two
modes present in the solutions, both should be accounted for in the formulation. Thus, the

perpendicular electric field is written as
E, = (Ege™s + Ege'?) e+, (4.11)

where a subscript, S, denotes a quantity associated with the shear root and a subscript,
C, with the compressional root. The two vectors, Eg and E¢, are taken to be eigenvectors

of the matrix, V(z), with eigenvalues k%(z) and kZ(z), respectively. This form of E; can
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now be substituted into the differential equation. Further, it is convenient to take an inner

product of the resulting vector equation with Eg and Eo. This results in two equations,

@) )

- 3 it (538 5 (-
+Eg- [d Ec | 9;dEc dE

ot 4 ) o1 1 )] -
+E¢ - [dzgs +2i%s dwj} es =0,

where k% and k% are both given by the expression for kﬁ in Eq. (3.15) with the appropriate

sign chosen. The eigenvectors, Eg and E¢, are given by

Vv
Egc = MES,C(Z), (4.14)
k* — ke
K2 — kZe) X + ic, U To— 4.15
(( i 1) Vi L—ki—ké’cy (4.15)

with the z-component of the electric field given by Eq. (4.5). Because the vectors, Eg and
E¢, are assumed to be slowly varying, the second order derivatives are neglected in Eqs.
(4.12) and (4.13). Further, the last term in both equations represents coupling between the
two modes. Since mode conversion processes are not of primary interest in this calculation,
these terms are dropped. Finally, the equations can be expressed in terms of the traditional

WKB approximation [63] with

Bo(s) = —% (4.16)

k‘g(z)
Ps(z) = /Z ks(2")dz'. (4.17)

For a magnetic well where two turning points exist, the following quantization condition

zo(wn) 1
/ ks(wn, 2)dz = (n + 5) T, (4.18)

20 (wn)

results,

where the frequency dependence has been emphasized in the final expression. Here, zg is the
turning point of the wave i.e. kg(w, z9) = 0, and the well has been assumed symmetric about
the point z = 0. The quantity, n, takes on integer values beginning at zero, and corresponds

to the quantum number of the trapped mode with frequency w,,. Because the turning point
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also depends on frequency, the above expression is an implicit equation that must be solved

numerically. Eigenfunctions can similarly be constructed resulting in the expression

(
|’?Sl(z) xp (‘ L7 |kS(Z')|dZ’) < —2

ES(Z)eiw(z) = QkAg( sin (J"ZZO k‘g(zl>d2’/ + %) |z| <z s (4.19)
s(z

_ Ay _[* , ,
\ |’“S2(Z)\ P ( [ ks (z )|dz) z> 2

where A; = +A, with the sign being chosen by whether the eigenfunction is even or odd,

~

the function being determined to an overall normalization. The divergence of the solution
at the turning point is fixed in the traditional way by using an Airy function solution near

the reflection point.

Figure 4.1 plots the three components of the electric field from such a WKB description
of the trapped modes. Both the plasma parameters and the magnetic field description
correspond to that which was used for the initial position of the cold ray in Fig. 3.16.
The frequency is chosen to correspond to the n = 32 trapped mode in the resonator. The
horizontal axes correspond to the distance traversed along a field line and relates to the
poloidal angle through the expression, s = Rq(r)f. The top, middle, and bottom panel
correspond to F,, F,, and I, respectively. Because F, and E, are 90 degrees out of phase
with E,, the imaginary part of these functions is plotted. Note that while the units of each
plot are arbitrary, the relative magnitude of each component is different, and the vertical
scalings on each plot are not the same. The amplitude of E, reflects the degree to which
coupling to the compressional mode occurs. Since k; is much larger than the ion-skin depth,
this coupling is small, and this is reflected in the small relative amplitude of E,. Further,
because kg = 0 at the reflection point, the vanishing of £, in the vicinity of this point reflects
the electrostatic nature of the field. Close to the center of the well, a nonzero electromagnetic

component of the mode exists.

4.1.2 Adiabatic electrons

If the adiabatic limit, Eq. (4.10), is used for the parallel component of the dielectric tensor.

Using this form creates a question as to the placement of the differential operator. If a
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Figure 4.1: Components of the electric field for n = 32 inside an ITER-type well with plasma
parameters and magnetic geometry corresponding to the initial position of the cold ray in
Fig. 3.16. Electrons are in the inertial regime. Horizontal axes are distance traversed along
a field line, and vertical axes, to electric field strength in arbitrary units. (a) E,, (b) E,,

and (c) E,. Note the different relative scalings on the vertical axes in each panel.
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self-adjoint formulation is enforced, the matrix equation becomes

0 0

M(z)=—E, + A(z)E, = 0. 4.2
5, M) 5 EL+ A(Z)EL =0 (4.20)
k2 k2
1+ 5 ey
M(z) = Moo TR (4.21)
0 1
k2e —ikle,
A) = T (4.22)

ikdes, kiel — k3
This form resembles a generalized eigenvalue problem of the form Av = ABv, where A
and B are matrices and v is the eigenvector with associated eigenvalue, \. For a constant

background magnetic field, the problem can be solved for k|, and the result gives the solution

to the Booker quartic for adiabatic electrons as given in Eq. (3.35).

Again, the WKB approximation can be made while accounting for both the shear and

compressional roots. Thus, the perpendicular electric field is written as
E, = (Ege™s + Ege'c) e™17, (4.23)

with the same notation used previously. The two vectors, Eg and Eo are taken to be eigen-
vectors of the generalized eigenvalue problem for constant magnetic field, with eigenvalues
k%(z) and kZ(z), respectively. In this case, ksc(z) = diysc/dz as before. This form of E
can now be substituted into the differential equation. After some simplification, the following

equations result:

d*E d d°E dEc d
{ES' S_|_ dz (ES ;bs)]+ES.|: C+2 c wc} i(Yo—1bs)

i ~ ok (4.24)
+Eg - M~ 165\5 {(% +iESd(iS> N (dzc —i-Z'ECde—ZC) ei(wcws)] —0,
{Ec d;];C +1 e (Ecd50>} + E¢ - [d;ZEQS Y d(];;s d;/;s] s —ve) 4
e M ldcjzw [(dzc EC’le/)—C) + (d;is Esdjjs> ei(ﬁbs—wc)} —0. ( ‘25)

If 1 varies more rapidly than any other quantity in the problem. The bottom term
containing M ~! can be dropped. Further, the second, square-bracketed term on the first line

of the above two equations represents coupling, and is neglected as in the inertial treatment.
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This leaves the equation for the shear mode,

d’Eg d dips
Eo- — | g2 =0. 4.2
52 +Zdz ( 5 dz )] 0 (4.26)

Finally, the second derivative term can be neglected, and the magnitude of Fg possesses
the same form as in Eq. (4.16) with the appropriate definition for kg. The polarization
of the vector must be found by finding the eigenvector of the matrix equation for constant
background magnetic field. The expressions for k% and k% are given by Eq. (3.35) with the

appropriate sign choice. The associated eigenvectors are

E; = ——Fs(2), (4.27)

]

kZ+k2
h a <€l — Sk_g L
— 0

—1Eqy

(4.28)

From these equations, it is seen that the one-dimensional WKB formulation also applies in
this limit. The quantization condition and the eigenfunction are given, as before, in Egs.
(4.18) and (4.19). Further, these equations coupled with Eq. (4.5) fully determine the
individual components of the electric field. To use Eq. (4.5), the value of kg is substituted

into €| appearing in the denominator of the expression.

Figure 4.2 is the adiabatic analog of Fig. 4.1. The same plasma parameters and magnetic
geometry are used as in the previous figure, and the axes correspond to the same quantities.
The frequency is chosen to again correspond to an n = 32 trapped mode, which results in a
slightly different frequency. The same conclusions that were drawn in the previous case also

apply here, and little qualitative difference exists between Figs. 4.1 and 4.2.

4.2 Kinetic dispersion relation

Now consider a warm, homogeneous plasma with two ion species: deuterium and tritium.
The confining magnetic field is chosen to point along the z-direction of a Cartesian coordinate

system, (z,y, 2), with the wave vector lying in the x-z plane k = kX + kjz. The general
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Figure 4.2: Components of the electric field for n = 32 inside an ITER-type well with plasma
parameters and magnetic geometry corresponding to the initial position of the cold ray in
Fig. 3.16. Electrons are in the adiabatic regime. Horizontal axes are distance traversed
along a field line, and vertical axes, to electric field strength in arbitrary units. (a) E,, (b)

E,, and (c¢) E,. Note the different relative scalings on the vertical axes in each panel.
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dispersion relation can be written as

DsDc + Dx — 2k ky [kiey-€ay + €0- (K — kieyy) ]

(4.29)
— 2K5€02Ey2Eay — kgeiz (kgewe — kﬁ) — kjez. (K* —gyy) =0,
where,
Do = k* — kiey, (4.30)
Dg = kgsmszz — Kkl epe — kzﬁszz, (4.31)
Dx = —kjeZ, (kje.. — k1) (4.32)

with k% = k% + kﬁ In these expressions, D¢ and Dg represent the individual dispersion
relations of a pure compressional, and a pure shear root, respectively, with Dx representing
coupling between the two modes. The other terms in Eq. (4.29) are associated with finite
ion temperature and are first order or higher in the Larmor radius. To simplify, it is first
assumed that the wave frequency is on the order of the ion cyclotron frequencies so that
w~ ) L wpi K Wy, §le. Further, the perpendicular wavelength, A, is assumed to be much
larger than the electron Larmor radius, p., so that k, p. < 1. This allows the electrons to be
treated as cold except in the parallel dielectric tensor component, €,,. Next, it is assumed
that the Alfvén speed is much larger than the ion thermal speed. This condition can be cast

in the form,
B(kG)?

107 :
T (keV)n(cm=3) > 107 (4:33)

where B is the confining magnetic field in kiloGauss, T' is the plasma temperature in keV,
and n is the electron number density. For an ITER-like plasma, B ~ 50 kG, T =~ 10 keV,
and n ~ 10em™3, so that the left hand side of Eq. (4.33) is on the order of 107! and
the condition is satisfied. Further, the toroidal field varies weakly compared to the rapid
decreases in temperature and density near the edge, and this relation holds over the whole
plasma column. Because of this condition, the off-diagonal components of the dielectric
tensor, €,, and €,,, can be neglected. With these assumptions, the dispersion relation is
simplified to

DgDec+ Dx = 0. (4.34)
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Expressions for the components of the dielectric tensor for a warm plasma can be found in

various textbooks, e.g. [64], and are given by

Z Z —A —20:Z ()], (4.35)

n=—0oo

—em—l—QZ “in Z N [—x0; Z (03] (4.36)

Eay = Z Z n [—20: Z(xni)] (4.37)
S ) R I 3 “ip 3 Ky w =8l (4.38)
= 2kﬁ \/Ek‘HT)e p w? 0 20 2kﬁ w " e '

In the previous expressions, Z is the plasma dispersion function with argument z,; =
(w —nfY;) /\/§k‘|@j, the function, A, is related to the modified Bessel function, I,,, through
the relation, An(};) = In(\;) exp(—);) with argument \; = A% p3, and the Larmor radius
defined as p; = v;/€Q;. The thermal velocities of the relevant species of mass m; are re-
lated to the temperature through v; = \/W, and the Debye wave number is defined by
kpj = wy;/v;. Finally, the subscript, j, can represent the electrons, e, or the ions, 7, and the

cyclotron frequency of the electrons is taken to be positive with the sign explicitly shown.

Equation (4.34) can be solved numerically for k) as a function of k; and w in order to
examine the field-aligned propagation properties relevant to shear waves. To do so, Newton’s
method is used to converge upon a solution. An initial guess is required, and this is chosen
by finding the solution to Eq. (4.34) in the inertial limit, i.e., in the limit that & — 0. In
this limit, the components of the dielectric tensor are independent of %, and the plasma

dispersion function can be replaced with its asymptotic expression for large argument to

yield,
2 /1002
pe wpi/Qi An
S +Zzl—w2/n2§22)\-/2’ (4.39)
i n>0 v
wpi/ %
Sy = Eax =AY D T wz/an)\ i, (4.40)
i n>0

w2 [

Sy = i T2 2. T g w2/n292 A (4.41)

i n>0
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i n>0 ¢
and the solution to the dispersion relation is given by
ki 1 k2 [
| EaxtEyy (v
Sl L L A 4.43
g [ (Gt = A
k3 ?
d= Ksyy — k_g) — ez (1 + k:iég)} +4e2, (1 + k162), (4.44)

where . = ¢/wy. is the electron skin depth. The appropriate sign must be chosen for the
shear root. When Eq. (4.43) is set to zero, it can be solved for a frequency as a function
of the perpendicular wave number. This frequency is a generalization of the ion-ion hybrid
frequency at which reflection of the shear wave occurs; it includes FLR effects and the
coupling of the shear wave to the compressional wave. At this frequency, for moderate
values of k,, the wave propagates perpendicular to the magnetic field and is essentially
electrostatic in nature, resembling an ion Bernstein wave. However, in the cold plasma limit,
this mode reduces to the shear wave that has been studied in previous chapters. Thus, Eq.
(4.34) can be solved using the inertial solution as an initial guess near this contour in (k,, w)
space where the inertial limit is precisely valid and both cyclotron and Landau damping
are negligible. Discretizing the parameter space in terms of frequency and perpendicular
wave number, Eq. (4.34) can then be solved by stepping outward from this contour using
the closest known solutions to extrapolate a guess for the adjacent point. In evaluating the
plasma dispersion function, a technique proposed by Weideman is used [65], supplemented

with the asymptotic forms for large argument.

The numerical procedure outlined above is used to generate Figs. 4.3 - 4.5. The plasma
parameters are n. = 5.9 x 10" cm™3 and 7, = 31.1 keV, with the deuterium and tritium
densities, np = ny = ne/2, and temperatures, Tp = Tr = 27.8 keV, and a background
magnetic field of B = 53 kG. In Fig. 4.3, the real part of k| is examined. The top panel,
Fig. 4.3(a), shows contours of the real part of the scaled parallel wave number, kjva/Qr,
with the scaled frequency, w/Qr, on the horizontal axis and the scaled perpendicular wave
number, k6., on the vertical axis, where ¢, refers to the electron skin-depth, and v, is

the Alfvén speed. The portion of the parameter space for which the wave is evanescent is
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Figure 4.3: Kinetic dispersion relation of the shear Alfvén wave for burning plasmas expected
in ITER. Magnetic field strength is 53 kG, electron density is 5.9 x 10** cm ™3, electron tem-
perature is 31.1 keV, with equal concentrations of deuterium and tritium with temperatures
of Tp = Tr = 27.8 keV. Horizontal axes are the frequency scaled to the tritium gyro fre-
quency, w/€Qr. (a) Contour plot of real part of scaled parallel wave number, kjv4/€p, with
scaled perpendicular wave number, £ J., on the vertical axis. (b) Line-cuts of panel (a) made
at k0. = 0.045 (solid), 0.145 (dashed), 0.245 (dashed-dotted), and 0.345 (solid with dotted
markers). (c) Arguments of plasma dispersion functions illustrating relative importance of
electron Landau and ion-cyclotron damping. Line-styles correspond to same values of k,dg
as in panel (b). Black curves, label “electrons”, correspond to electron Landau damping.

Red and blue curves, labeled “Deuterium” and “Tritium”, correspond to deuterium and

tritium cyclotron damping, respectively.

94



—_
N

—_

o
o

[
G
<
0.6 >—
X
E
04—
0.2
0
0.8}
'_
G 06}
<
>
=
e 04r 1
0.2t T
1.1 1.2 1.4 1.5

Figure 4.4: Imaginary part of the parallel wave number for parameters used in Fig. 4.3.
Horizontal axes are the scaled frequency, w/Qr. (a) Contour plot of imaginary part of
kyva/Qr with scaled perpendicular wave number, k., on the vertical axis. (b) Line-cuts

of panel (a). Line-styles correspond to same values of k, d, in Fig. 4.3(b).
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Figure 4.5: Effective damping experienced in one wavelength, n = 27Im(k))/Re(k), for
parameters used in Fig. 4.3. Horizontal axes are the scaled frequency, w/Qz. (a) Contour
plot of n with scaled perpendicular wave number, k| d., on the vertical axis. The valuen =1
is shown by the white contour. Regions to the right of this contour are heavily damped, and
regions to the left illustrate where candidate resonator modes exist. (b) Line-cuts of panel

(a). Line-styles correspond to same values of kJ. in Fig. 4.3(b).
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represented by the dark blue region; the border of this region represents the point at which
a parallel cutoff occurs. At small values of k, d., the cutoff frequency approaches the value
of the ion-ion hybrid frequency, wy; /Qr = \/3/_2 ~ 1.22. At large wave numbers, FLR effects
become significant, and the cutoff frequency approaches the cyclotron frequency of tritium.
In the bottom-left panel, Fig. 4.3(b), line cuts of the contour plot are made at different
values of k,d.. The horizontal axis is the scaled frequency, and the vertical axis, the real
part of the scaled parallel wave number. The cuts are made at the values of k6., = 0.045
(solid), 0.145 (dashed), 0.245 (dashed-dotted), and 0.345 (solid with dotted markers). From
these line-cuts, the dependence of the cutoff recency on perpendicular wave number is clear.
Further, the parallel wave number rises most rapidly at smaller values of k£, d.. The bottom-
right panel, Fig. 4.3(c), displays the argument of the plasma dispersion function, labeled
¢, for the dominant terms that contribute to the damping. The horizontal axis corresponds
to the scaled frequency, and the vertical axis, to (. For the electrons, represented by the
black curves, Landau damping is dominant, thus the parameter, { = x¢., is shown. For the
ions, damping at the fundamental cyclotron frequency is dominant; accordingly, { = |xy]
is displayed for deuterium and tritium, the red and blue curves, respectively. The line
styles correspond to the same perpendicular wave number values displayed in the middle
planel. Damping is large for the electrons when the parameter, (, is close to unity, with the
inertial and adiabatic regimes corresponding to ¢ > 1 and ¢ < 1, respectively. For the ions,
cyclotron damping is greatest when ¢ = 0, though cyclotron damping is still significant when
¢ ~ 1 and becomes negligible when ¢ > 1. It is clear that the electrons are adiabatic over
most of the frequency range. Strong cyclotron damping due to tritium ions takes place over
most of the frequency range, with heavy damping due to deuterium also occurring, peaking
at the cyclotron frequency of deuterium, w/Qr = 1.5. Close to the wave cutoff, all of the
damping parameters diverge to infinity due to the vanishing of the parallel wave number,

indicating that the waves are undamped.

In Fig. 4.4, the imaginary part of k| is examined. The top panel, Fig. 2(4.4), is a contour
plot of the imaginary part of the scaled parallel wave number with the scaled frequency on

the horizontal axis, and the scaled perpendicular wave number on the vertical axis. In the
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bottom panel, Fig. 4.4(b), line-cuts are made of the top panel at various values of the
perpendicular wave number. Again, the line-styles correspond to the same values of k|9,
as in Fig. 4.3(b). At small values of k,d., where coupling to the compressional wave is
strong, the damping is weak. As the value of k. increases and the wave begins to exhibit
properties of the shear wave, the damping becomes significant. As k0. increases further,
the absolute magnitude of the damping decreases. To assess the effect of damping on the
resonator, the parameter, n = 27Im(k)/Re(k))), is evaluated; it measures the amount of
damping experienced in one parallel wavelength. This quantity is shown in Fig. 4.5. The
top panel, Fig. 4.5(a), is a contour plot of the relative damping, with the scaled frequency on
the horizontal axis and the scaled perpendicular wave number on the vertical axis. The white
curve corresponds to the value n = 1. Signals in the region to the right of this curve damp
by more than one e-folding in a wavelength. The region to the left of the white contour is
weakly damped, and candidate resonator modes may occur in this portion of the parameter
space. The bottom panel, Fig. 4.5(b), shows line-cuts of the top panel at different values of

k0., with the line-styles corresponding to the same values as in Fig. 4.3(b).

4.3 WKB analysis with kinetic effects

In analyzing the resonator modes, a cylindrical approximation of the tokamak geometry is
made as in section 3.4. In this approximation, the magnetic flux surfaces are concentric
circles of radius, r, centered on the magnetic axis. The poloidal angle is 8, and in these

coordinates, the toroidal field has the dependence,

By

B=— 0
! 1+%0059’

(4.45)

where R is the major radius and By is a characteristic value for the toroidal field. The safety

factor is defined by

q(r) = ;%;. (4.46)

The total magnetic field strength is given by

B? o\’
B =Bi|14+ = = B/ 1 ~ DB;. 4.47
e = () =5 A
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In this expression, the small aspect ratio approximation is made, and it is sufficient to
approximate the total magnetic field strength as due to the toroidal field alone. Within this
approximation, the distance traversed by a field line is related to the poloidal coordinate

through the relation
s =0/ R?q(r)? + 12 ~ Rq(r)6. (4.48)

Profiles for the electron density, safety factor, and electron and ion temperatures are found
from simulation results reported in Fig. 41 (c) and (d) of Gormezano et al. [49]. The pro-
files were originally reported as functions of the scaled variable, z, which relates to the flux
coordinate, ®, through the relation z = (®/ WaQBt)l/ ?. In the cylindrical approximation, this
reduces to © = r/a. The resulting profiles are reproduced here in the cylindrical approxima-
tion as shown in Fig. 4.6 with the minor radius chosen to be a = 200 cm. The top panel, Fig.
4.6(a), shows the electron density (solid curve) and the safety factor (dashed curve). The
vertical axis on the left corresponds to the electron density, and on the right, to the safety
factor. The horizontal axis, common to both panels, is the radius from the magnetic axis.
The bottom panel, Fig. 4.6(b), displays the electron (solid curve) and ion (dashed curve)
temperatures, with the vertical axis corresponding to temperature and the horizontal axis to
the radius from the magnetic axis. These profiles are used to extract reasonable estimates

of the type of behavior expected in a burning plasma.

With these profiles specified, a WKB method is implemented. As in previous sections, the
effects of magnetic shear are neglected, and the perpendicular wave number, k| , is assumed
constant. In introducing kinetic effects, the damping is assumed to be weak in this model
and is treated as a higher order correction in order to determine the quality factor, @), of
the resulting modes. If, a posteriori this assumption is violated, i.e., the resulting quality
factor is small, such modes cannot be considered candidate resonator modes. For this reason,
the mode can be approximately described by the formalisms outlined in sections 4.1.1 and
4.1.2. This motivates a generic wave equation that will satisfy the one-dimensional WKB
formalism. This equation takes the form,

d*U 9
i Re [k2(s,wn, k1)] ¥ =0, (4.49)
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Figure 4.6:
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Radial profiles of plasma parameters used in analysis. Profiles determined from

Fig. 41(c) and (d) of Ref. [49], adapted to a cylindrical approximation for the tokamak

geometry. The horizontal axis corresponds to radius from the magnetic axis. (a) Radial

dependence of electron density and safety factor. The left vertical axis corresponds to electron

density (solid curve). The right vertical axis corresponds to the safety factor (dashed curve).

(b) Radial dependence of electron and ion temperatures. The left vertical axis corresponds to

temperature in keV. The electron and ion temperatures correspond to the solid and dashed

lines, respectively. The temperatures of deuterium and tritium are assumed to be equal.
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where W is the characteristic amplitude of the shear wave, and kg is the shear root for kj
from the dispersion relation. The compressional wave is excluded in this formulation as
in previous sections. The above equation gives rise to the same quantization condition as

before,

so(wn) 1
/ Re [k (s, wp, k)] ds = (n + 5) T, (4.50)

so(wn)

where so(w) is the distance along a field line, measured from the outboard side, at which the
wave is expected to reflect; it corresponds to the turning points of the effective potential.
The value of kg is now determined by solving Eq. (4.34) along the field line trajectory.
The WKB approximation is known to work best for modes with large quantum numbers.
For modes of small quantum number, an alternative formulation can be used in which the

parallel wave number is approximated locally as a parabolic potential,

Re [k3(s)] = V(s) = V(0) + %V”(O)SZ. (4.51)

The well known quantization condition for such an effective potential is

2

For the present application it is found that the difference between the fundamental frequen-
cies found by the WKB method and the parabolic fit differ typically by a factor on the
order of 0.1%. For this reason, in what follows the WKB method is applied. However, an
advantage in the parabolic approximation is that analytic eigenfunctions result for the fun-
damental modes. These functions could be used in a future study to construct approximate

full-wave solutions for these modes.

To determine an approximate form for the quality factor, the axial WKB-eigenfunction

inside the well is first examined. This takes a form similar to Eq. (4.19), namely

¥ o \/;S_(S) sin [ / " ko(s)ds + ﬂ | (4.53)

Utilizing the quantization condition given in Eq. (4.51), this can be rewritten as

g [ P R0 gt Bl (4.54)
ks(s)

101



where the sign choice depends on the evenness or oddness of the specific mode, and is
unimportant for the present purposes. The form of the eigenfunction can be interpreted as
an incident wave from the left superposed with a reflected wave traveling from the right.
Variations in the amplitude are associated with the changes in wave velocity. Considering
ks to be complex at this point, the wave amplitude decrease is largely due to the phase
factors present in the exponential functions. Upon each round trip, the wave amplitude is

reduced by a factor of
80
exp {—2/ Im [kg(s)] ds'} : (4.55)
5o

Thus, if a source is continually pumping the system with an input power of P = w|¥y|?, the

stored energy in the resulting wave is

E= |V\I’0|2 5 (4.56)
[1 — e 2 J2% Im[ks(S’)}dS’]

The quality factor is approximated as

1

(1 2 kst >

Q ~ (4.57)
Although only kinetic sources of dissipation are considered here, the actual quality factor in
an experiment likely also exhibits a reduction due to radial convection of the wave and mode

conversion at the reflection point.

Figure 4.7 shows the calculated eigenfrequencies as a function of radius. For these results,
the magnetic field strength is given by Eq. () with the characteristic strength of the toroidal
field taken to be By = 53 kG, and equal concentrations of deuterium and tritium are assumed
with quasi neutrality satisfied. The perpendicular wavelength is taken to be A\; = 10 cm,
which gives a scaled perpendicular wave number of k9. = 0.0431 at the magnetic axis.
This scaled value increases as the density slowly decreases towards the plasma edge. In the
top panel, Fig. 4.7(a), the horizontal axis corresponds to radial distance from the magnetic
axis, and the vertical axis, to frequency in MHz. The lower solid black curve, labeled by wy,
gives the fundamental frequency of the resonator at a given value of the outboard radius of

a magnetic surface. Due to the overdoing that occurs, the cutoff frequency at the outboard
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position is in close proximity to this value. Immediately above this curve, the red line,
labeled by wg—20, represents the frequency of modes having a quality factor () = 20. Above
this red dashed line there is cross-hatching (blue in color) that indicates the region of heavily
damped modes. In practice, the frequency of candidate resonator modes lies in the narrow
strip between the bottom solid curve and the dashed line. The slanted green line labeled by
Whax corresponds to the largest frequency for which a reflection could occur on the inboard
side, i.e., the cutoff frequency on the inboard side. At larger radii, this frequency is greater
than the deuterium cyclotron frequency on the inboard side and loses meaning. For this
reason, the line is terminated when it intersects this cyclotron frequency. For reference,
the cyclotron frequency of deuterium on the inboard side is represented by the top orange
curve. From this display, it is clear that within this description, long-lived resonator modes
exist in a narrow frequency bandwidth, of roughly 200-300 kHz, near the cutoff frequency
on the outboard side. In the bottom panel, Fig. 4.7(b), the number of trapped modes as
a function of radius is shown. The horizontal axis corresponds to the distance from the
magnetic axis, and the vertical axis, to the number of modes. The solid curve corresponds
to the maximum number of modes, ng-q9, having quality factors, (), greater than 20. This
number stays around 15-30 over the domain shown; modes with larger quantum numbers

are heavily damped and are not expected to be excited.

The quality factors of the fundamental modes calculated for the parameters associated
with Fig. 4.7 are found to be in the range of ) > 10° across the entire plasma column. Such
large values of () are, of course not realistic, and simply indicate that wave-particle damping
due to electron Landau resonance and ion cyclotron resonance is negligible for these modes.
To determine the realistic quality factor for these modes, a consideration of radial convection

of wave energy and mode conversion processes is necessary.

Figure 4.8 displays the dependence of the quality factor on mode number. For the
solid curve, the parameters are the same as in Fig. 4.7, with the calculation performed at
r = 50 cm, which corresponds to an electron temperature of T, = 31.1 keV and a scaled
perpendicular wave number of k6. = 0.0433. For the dashed curve, the same parameters
are used, with the exception that the ion and electron temperatures are both decreased pro-
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Figure 4.7: Radial dependence of resonator parameters. Horizontal axes correspond to radius
from magnetic axis. Plasma parameters and safety factor are given in Fig. 4.6. Magnetic field
strength is given by Eq. (4.45) with By = 53 kG and R = 621 c¢m; perpendicular wavelength
is A, = 10 cm, corresponding to k, d. = 0.043 at the magnetic axis. (a) Radial dependence
of relevant frequencies. Vertical axis corresponds to frequency in MHz. Bottom black curve
corresponds to the fundamental eigenfrequency in the resonator, wy; red curve to frequency
of modes having ) = 20, wg—20. The slanted green line, labeled wyrax, corresponds to the
cut-off frequency on the inboard side; waves in the blank region to its left are not trapped.
This frequency terminates when the deuterium cyclotron frequency on the inboard side,
represented by the top orange curve labeled Qp jnboard, because of heavy cyclotron damping.
The blue hatched region, labeled “Damped”, corresponds to strongly damped modes with

@ < 20. (b) Vertical axis corresponds to the number of long-lived modes with ¢ > 20.
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Figure 4.8: Dependence of the quality factor, (), on resonator mode number. The horizontal
axis corresponds to the mode number, and the vertical axis, to ). The plasma parameters
used for the solid curve are the same as those given in Fig. 4.7 evaluated at r = 50 cm;
the electron temperature is 7, = 31.1 keV, and the scaled perpendicular wave number,
k6. = 0.0433. The dashed curve uses the same parameters, except that the electron and
ion temperatures are decreased proportionally, so that 7T, = 8.39 keV. The dash-dotted
curve, similarly, uses the same parameters as the solid curve, except that k£,9, = 0.1433.
In reality, modes with () > 100 are essentially undamped by wave-particle interactions and

would be limited by some other mechanism.

105



257

20 ¢

15}

I"]Q>.20

10}

0 0.1 0.2 0.3 0.4 0.5

Figure 4.9: Number of long-lived modes as a function of scaled perpendicular wave number.
The horizontal axis corresponds to the scaled perpendicular wave number, k., and the
vertical axis, to the number of modes with ) > 20, ngs20. The rapid decrease is due to

increased cyclotron damping as k; increases.

portionally so that the peak electron temperature on axis is 10 keV. This corresponds to an
electron temperature of T, = 8.39 keV at r = 50 cm, where the calculation is performed.
Finally, the dash-dotted curve is calculated with the same parameters as the solid curve,
except that the perpendicular wavelength is decreased to A\; = 3 cm, resulting in a scaled
perpendicular wave number of k,d. = 0.1443. As mentioned previously, wave particle in-
teractions are negligible for low mode numbers; these undamped modes will be limited in
actual experiments by other processes. For definiteness, an undamped mode is considered
here to be a mode for which ) > 100. For this reason, the vertical axis in Fig. 4.8 is scaled
to have () = 100 as its maximum value. The undamped modes correspond to n < 8 for
the solid line, n < 13 for the dashed line, and n < ¢ for the dash-dotted line. The curves
rise rapidly towards the unrealistic large values near the fundamental mode, n = 0. From
Fig. 4.8 it is seen that decreasing the temperature decreases the damping as expected, and
that decreasing the perpendicular wavelength increases the damping. This is primarily due
to the decrease in the rise of the real part of kg, as shown in Fig. 4.4(b), which causes the
eigenfrequencies to shift away from the cutoff frequency. This upshift in frequency leads to

an increase in the relative damping, shown in Fig. 4.5(a). Figure 4.9 shows the number of
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Figure 4.10: Poloidal extent of the trapped modes. Horizontal axis corresponds to the radius,
r, and the vertical axis, to the size of the well measured in poloidal angle, Af. The reflection
points occur at 6y = +A0/2. The solid curve corresponds to the fundamental mode, and
the dashed curve, to a mode for which ) = 20. The poloidal extent of long-lived modes falls
between the two curves. The increase towards the magnetic axis is a geometrical effect, while
the increase in the dashed curve towards the magnetic axis is a geometrical effect, while the

increase in the dashed curve towards the edge is due to rapid decreases in plasma density

and temperature.
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modes that are not heavily damped at » = 10 cm. The vertical axis corresponds to the num-
ber of modes with ) > 20, and the horizontal axis, the scaled perpendicular wave number.
The parameters used are the same as those used for Fig. 4.8 with the exception that the

perpendicular wave number now varies.

Figure 4.10 illustrates the poloidal extent of the modes. The horizontal axis corresponds
to the radius of the given flux surface at which the calculation is performed, and the vertical
axis corresponds to the poloidal angular (in degrees) extent of the corresponding mode.
The solid curve corresponds to the fundamental mode, and the dashed line corresponds
to a mode for which @ = 20. The angle spanned by the fundamental mode decreases
monotonically, rising sharply towards the magnetic axis. The fundamental mode is largely
localized poloidally over all of the flux surfaces, except in a very narrow region near the
center. The dashed line exhibits similar trends, except that it rises sharply near the edge.
This is due to the rapid decrease in the density and temperature of the plasma. While this
mode spans a much larger poloidal angle, it is still largely localized over most of the flux

surfaces.

4.4 Instability due to fusion-born alphas

In this section, a methodology smilier to that introduced by Lashmore-Davies and Russell [25]
is used to assess the possibility that fusion-born alpha particles can drive the resonator modes
unstable. The difference in the present study is that spatial amplification is considered for
a fixed real frequency, and medium nonuniformities are retained within a WKB description.
Instability corresponds to Im[k)] < 0, with Re[k)] > 0, i.e. the wave grows in the direction

of propagation.

The alpha particles are assumed to be a perturbation on the wave propagation properties,
with the alpha particle density taken to be the expansion parameter. Terms that are first
order in this density are retained, and higher order terms are neglected. To perform this

expansion, the dielectric tensor components are separated into a zeroth order contribution,

(0) (1

Eij s ij). The components, xz and yz, do not have a zeroth

and a first order contribution, ¢
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order contribution, because they do not enter into the zeroth-order dispersion relation, con-
sidered in section 4.2. For this reason, the last three terms on the bottom line of Eq. (4.29)

are neglected. Keeping terms to first order,

De = DY — k2el), (4.58)
Dy = Dgn + [e) (k2D — k2) + V) (k3 — k3)], (4.59)
Dx = DY — 2k2e0e© (k2@ — 32) — ke (c©)°, (4.60)

where the zeroth order terms for Dg)), DS0 , and Dg?) are defined in Eqgs. (4.30)-(4.32), with
the dielectric coefficients evaluated with their zeroth order forms. With these expressions,

the dispersion relation, to first order, is

DO — D(O)D(O) + D(O) (4.62)
DM — _kggél) + (k‘gEgg) — k’i) [Eg;lm)D 2k2 Eay xoy] 8(1) (kQ —k ) (4.63)

— ke (9 = 2k ky [k2eWe® 4 e (k2 — k2e0)] .

Eyz xy
Next, k)| is similarly expanded as k)| = k’H + k:H . Upon Taylor expanding D about k:|(| ) and
solving for the first order correction,

DW (1O
D — —M. (4.64)

I 9D
8k|‘

)
This allows the first order correction to be determined for the zeroth-order mode described
in section 4.2. Instbaility arises in those portions of the device where Im [kl\ /{;(1)} <0,
indicating that drive from the alpha particles must overcome the kinetic damping caused by

the background plasma.

To model the fusion-born alpha particles, a ring-distribution is used. This could have
relevance for the core plasma of a tokamak in the immediate post-birth phase before colli-
sional relaxation can occur, and is therefore, of interest to the alpha-channeling question. It

takes the form,

1 1 -5
2V, v)) = ng §(vL — Vi flo |, 4.65
Jolos, ) =n (mm (s o )) NozT (469
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where n, is the density of the alpha particles, and v, and v, are characteristic velocities
for the distribution. These velocities can be related to an effective temperature through
Tio = mevi,/2 and T), = moﬂ?ﬁa/Z, where T, + Tjj, = 3.5 MeV, the energy of an
alpha particle following a DT fusion event. This distribution function is used to obtain the
contribution to the dielectric tensor from the alpha particles. The form of this contribution
can be cast in terms of integrals over the perpendicular and parallel velocity directions, which

are already evaluated [64]. The result is

2 n2.J2
(1) _ @ 1 nQOz 7 P 1 7 UJ_a Jn 4
Tz w? { + \/i/f o (ZL’na) n T [ + Tna (xna)] @2 k;2 ( 66)
n [Vl llo
2 !
(1) wpa nQa ULa TlJan
Ep) = 1— 14+ ————Z(xna) | Qn + [1 + 200 Z(pa)] = , (4.67
oW Zn: { V2K V)0 “ | )l 32 Ul K1pa )
2 2
(1) _ “pa n—QO‘Z 1 7 Yla g
W= Z { + VeI (Tna) | R + [1 4 Zna Z (2na)] 7 J2Y (4.68)
1 w2k w — n, v? nJ2
(1) _ “pa VL / la
ga:z (,U2 ]{ZH Z Z xna n Qa Uﬁa kz ] ) (469)
2 !
L0 _ prakL ( _w—nQ vlaJJ
yz 9 w2 k’” ZZ «Tna n Qa Uﬁa k?2 ) (470)
w? w? o2
e = 2 = { [1— 22,2 (2na)] Uy — Z’(:cm)%x()ampajnj;} , (4.71)
w w? £ v,

where the notation used in Eqgs. (4.35)-(4.38) has been adopted, with the definitions of x,,,
and p, generalized to x,, = (w— nQa)/\/ﬁk‘H@Ha and p, = v14/Q4, and where J,, is a Bessel

function with argument k, p,. The remaining undefined parameters are,

2
Py=——1J,7., 472
i (4.72)
2 n’ 2
Qn =nJ? + (kQ i 1) J2, (4.73)
1 Fa
22 k
R, = kﬁ) (1 - ;ga) T T (4.74)
2y n’ 2
Su= T4 = 1) T (4.75)
1 Fa
U2
U, = §J5 U”“ kL padnd.. (4.76)
la
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Figure 4.11: Imaginary part of k due to a ring-distribution of alpha particles for different
values of k, . Calculation performed for a homogeneous plasma with parameters correspond-
ing to Fig. 4.6 at position, r = 50 cm on the outboard side. The alpha particle distribution is
described by Eq. (4.65), with temperatures, 7’1, = 2 MeV and 7}, = 1.5 MeV, and density,
ne = 0.01n.. On the horizontal axis is the scaled frequency, and on the vertical axis, the
imaginary part of the parallel wave number, Imk). The solid and dashed curves correspond
to AL = 9 and 5 cm, respectively. Instability drive is present when Im k| is negative, for the

solid curve, and is caused by a negative value of P, in Eq. (4.66).

After examining the relative importance of the various terms presented in Eqs. (4.66)-
(4.71), it is determined that the most important term for instability is ell). This is not
surprising, because at these large values of k|, coupling to the compressional wave is largely
negligible. Upon examination of Eq. (4.66), it is apparent that the possibility of amplification
is determined primarily by the sign of P,—;, with the fundamental cyclotron frequency being

the dominant contributor in this frequency range.

In order to make comparisons to the results of Lashmore-Davies and Russell [25], plasma
parameters are chosen to correspond to r = 50 cm in Fig. 4.7 B = 49.1 kG, n, =
59 x 108 em™3, T, = 31.1 keV, Tp = Tp = 27.8 keV, T, = 2 MeV, T = 1.5 MeV,
and n, = 0.01n.. The ion densities preserve quasi neutrality through the relation, np =

nr = ne/2 — n,. Figure 4.11 explores the possibility of amplification for two values of
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ki. On the horizontal axis is the scaled frequency, w/Q7, and on the vertical axis is the
imaginary part, Im[k)]. The solid and dashed curves correspond to k,p, = 2.5 and 4.5,
k10, = 0.044 and 0.080, A\, = 9 and 5 cm, respectively. The local extrema of the curves
immediately adjacent to the cutoff in Fig. 4.11 occur when z;, ~ —1, so that the alpha
particle contribution possesses a significant imaginary part but the background deuterium
is still far from cyclotron resonance, a conclusion which agrees with the work of Lashmore-
Davies and Russell [25]. From the sign of Pj, the intervals of k, p, which correspond to
instability can be determined. These fall between the peak and successive zero of the Bessel
function, J;. The first two intervals are k; p, € (1.84,3.83) and k,p, € (5.33,7.02). It is
seen from Fig. 4.11 that the value of k, p, which is within the first interval corresponds to
strong instability, i.e., the curve falls below the y-axis for a portion of the frequency domain.
The value of k, p, that falls outside these two intervals is damped. The second interval of
k1pa for which J; < 0 exhibits much weaker instability with Im[k)] reaching a minimum
negative value roughly an order of magnitude less than the solid line in Fig. 4.11. This is
because of the larger cyclotron damping that occurs in the background plasma at smaller

perpendicular wavelengths.

A critical density for these two intervals of k) p, can now be determined using the con-
dition for marginal stability, Im[k‘ﬁo) + kﬁl)] = 0, where k:ﬁl) is assumed to be at the critical
density, na.. So long as the perturbative model is valid, k:|(|1) is linear in n,. Thus, the

marginal stability condition can be rewritten as

Im £ + K (na) 22| = 0. (4.77)

«

This condition is scanned in frequency to determine the smallest critical density, while choos-
ing the value of k; for which P; is most negative within the interval of interest. This
procedure results in the critical densities n,/n. = 7.3 X 107° for the first interval, and
Na/Ne = 3.6 x 1073 for the second, but it should be emphasized that these densities are

obtained at r = 50 cm, and these values will vary with radius.

A simple analytic estimate for the critical density can be obtained in the following ap-

proximations: coupling to the compressional wave is negligible, cyclotron damping on the
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background ions is negligible, and the electrons are inertial but experience Landau damp-
ing. These approximations are valid for perpendicular wavelengths much larger than the
ion skin-depth and for waves with frequency close to the cutoff. In these approximations,
the dispersion relation is given by D = Dg. Expanding in the alpha density as before, the
dispersion relation to first order is given by Eq. (4.59). From the zeroth order equation, it
is determined that

K|

O KD (14127 (4.78)
where d. = ¢/w,. is the electron skin depth. In the above expression, the fact the electrons
are inertial to zeroth order has been used. Asymptotically expanding the plasma dispersion

function that appears in the electron term in Eq. (4.38) for large argument gives the first

order term,

w? kol 2kv?

2 3 2
5|(|1) =V i wﬁ, exp (— nd ) , (4.79)

where the superscript of £ s dropped on the right hand side of the equation for simplicity
| &

of expression. For the first order term, agx), only the drive of the alpha particles is con-

sidered because cyclotron damping has been neglected. Further, only the dominant term
proportional to P is included. This leads to the expression,

2
(1) _ “pa
xxr

w2

Q

N

P (4.80)

Substituting these expressions into Eq. (4.64) results in

B a7 kiéz w3 w?
b fyy = Im fo ™ = \/;1 Fr2oz ks P\ T 2k

[I7e
2
wpa Qa

+ .
22k ¢ k)| Ujja

(4.81)

(1+K262)Py Im [Z(214)] -

In our approximations, k:ﬁo) is completely real. For this reason, the imaginary part of Z(z1,)
is /7 exp(—z2,). Making this substitution and using the marginal stability condition, it can

be determined that

w2 2202 2202 (4.82)

™l || 7e

9 _
Wha W CQE)HQ k2 52 _Pyexp (w—90)% W2
2T R (11 ke
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This equation can be minimized with respect to frequency to obtain an approximate critical
density. For the same conditions used in the preceding paragraph, this formula yields a
critical density of n,/n. = 3.2 x 107° and n,/n. = 8.3 x 107" for the first and second
unstable intervals of k), respectively. This under predicts the critical density by a factor
of two and four, compared to the more accurate calculation performed previously. This is
not surprising because cyclotron damping was not included in the derived, analytic formula.
However, this provides a quick way of getting an estimate of the density of energetic particles
required to drive the instability. Further, it should be noted that simulations of expected
conditions for burning plasma in ITER predict that the alpha density will be 0.85% of the
electron density on the magnetic axis [66]. This justifies the use of the alpha density as an
expansion parameter in all of the previous work. In the analysis that follows, values of k|

are chosen that fall in the interval of largest instability.

Next, the results of the stability analysis are related to the ion-ion hybrid resonator in

ITER. An amplification factor is defined as,

50
A= —/ Im[kds, (4.83)
50

indicating the exponential factor that a wave grows (or damps) during a single pass through
a resonator of length 2sy. If A > 0, this indicates that the drive of the alpha particles is
greater than the damping on the background plasma. In Fig. 4.12, the imaginary part of
k| is displayed for five resonator modes at a radial position of r = 50 cm, where the profiles
specified in Fig. 4.6 are used. This corresponds to the parameters, n, = 5.95 x 103 cm~3,
T, = 31.1 keV, and T; = 27.8 keV. The magnetic field on the outboard side of the flux
surface is B = 49.1 kG. For the alpha particles, the same parameters are used as in Fig.
4.11. The perpendicular wavelength is chosen to maximize instability drive, minimizing P;.
The horizontal axis corresponds to the distance spanned by the mode along a field line,
and the vertical axis to the imaginary part of k) with both the zeroth order term and first
order correction included. The dashed, solid, and dashed-dotted curves correspond to three
different trapped modes, n = 7, 17, and 27 with amplification factors, A = 2.6, 3.1, and 2.6,

respectively. At this position, the n = 2 — 34 modes have positive amplification factors and
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Figure 4.12: Imaginary part of k| for different resonator modes within one well. The back-
ground plasma parameters are the same as in Fig. 4.7 evaluated at » = 50 cm, and the
alpha distribution parameters are those used in Fig. 4.11. The horizontal axis corresponds
to distance along a field line, and the vertical axis, to the imaginary part of k). The dashed,
solid, and dashed-dotted curves correspond to the mode numbers, n = 7, 17, and 27 with
amplification factors, A = 2.6, 3.1, and 2.6, respectively. The mode with largest amplifica-
tion is n = 17. For higher mode numbers, damping towards the center limits the growth,

and at lower mode numbers, the well decreases in length, limiting total amplification.

115



5 .
r=25cm
r=150 cm
4+t
r=50 cm

3t r=100 cm
<

2 L

1t

0 1 1 1

26 28 30 32 34

f (MHz)

Figure 4.13: Amplification factors at different radii. The background plasma parameters are
the same as in Fig. 4.7 evaluated at r = 50 cm, and the alpha distribution parameters are
those used in Fig. 4.11. On the horizontal axis is the frequency range of the amplified modes
in MHz, and on the vertical axis, the amplification factor. The individual curves correspond
to r = 25, 50, 100, and 150 cm, and are labeled accordingly. The continuous decrease in the
frequency band results in a spread of several MHz over which the resonator can be amplified
across the plasma. The increase in A towards the magnetic axis is a geometrical effect, which
lengthens the well. The increase towards the edge is due to the colder background plasma.

In reality, this increase will be offset by a decrease in alpha particle density towards the edge.

exhibit a narrow frequency range of f = 30.38 — 30.96 MHz, with n = 17 the most unstable.
The spatial undulations of the growth coefficient seen in Fig. 4.12 arise due to the lengthening
of the resonator, maximizing cyclotron resonance with the alpha particles, and minimizing
cyclotron damping on the background plasma. At small n numbers, cyclotron resonance with
the alpha particles is not possible because k| is too small over the resonator region. Thus,
the first unstable mode appears at n = 2. As the mode number increases, the mode comes
into cyclotron resonance with the alpha particles and the resonator-length increases, leading
to maximum amplification at n = 17. As the mode number increases beyond this value,
cyclotron damping on the background ions becomes dominant and inhibits amplification of

the resonator modes.

116



In order to illustrate the frequency bandwidth of amplified resonator modes at different
radii, Fig. 4.13 displays the amplification factor, A, versus frequency at four different radii.
The four solid curves correspond to » = 25, 50, 100, and 150 cm, and are labeled accord-
ingly. At each radius, the bandwidth of the amplified modes is roughly 600 kHz, with the
frequency of greatest amplification shifting to lower frequencies at larger radii, as expected
from the eigenfrequency outline in Fig. 4.7(a). Amplification of the modes is seen to increase
towards the core and the edge. The increase towards the core is a geometrical effect, which
lengthens the resonator. The increase towards the edge is because of decreased damping due
to the lower temperatures; however, the density of the fusion-born alpha population should
significantly decrease at these larger radii, likely limiting the amplification experienced by
the modes. Finally, it should be mentioned that while the amplified frequencies are shown
only at four different radii, the radius of the flux surface is a continuous variable. For this
reason, the eigenfrequencies of the resonator become a continuous function of radius, and

amplified frequencies for the entire plasma column can vary over several MHz.

4.5 Influence of shear

To explore the effects of magnetic field shear, an attempt is made to determine the structure
of the eigenmodes in the global geometry of the tokamak. To do so, an eikonal form for the
wave field is assumed, similar to that which is commonly used in ballooning-mode analysis.
This takes the form

E = Ege', (4.84)

where 1 is the rapidly varying eikonal and Eg is the eigenvector which corresponds to the
shear Alfvén wave root. The amplitude of the eigenvector, Eg, is assumed to vary much
slower than ¢. In this approximation, the wave number is related to the eikonal through
k = V. The poloidal coordinates are defined in the cylindrical approximation as in section
4.3 to be (r,0). The toroidal angle is taken to be ¢. This allows for the eikonal to be written

) = /k|(r, s)ds +m o — q(r)(0 — 00)] + k.r, (4.85)
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where m corresponds to a Fourier decomposition of the modes in the toroidal coordinate.
This is done because azimuthal symmetry of the equilibrium profile is assumed. Further, &,
is assumed constant, corresponding to the radial wave number, and s is a coordinate, which
measures the relative distance along a respective field line. Coordinate surfaces are defined in
a similar manner to nonlinear simulations of tokamak turbulence using flux tubes [67]. The
orthogonal coordinate surfaces are described by the variables, r, corresponding to a unique
flux surface, a = ¢ — q(r)(0 — 6y), which, for constant r, uniquely specifies a field line, and
s, defined to be orthogonal to the other coordinate surfaces; s = 0 is chosen to correspond
to the outboard side of the tokamak. An approximate form for s is given in Eq. (4.48).
From this form, it is apparent that if a Fourier decomposition of Eq. (4.85) is performed in
poloidal angle through the basis functions, exp(ilf), the result would contain many values
of [ because the modes are poloidally localized to the outboard side. The quantity k) is
independent of «, because, for fixed r and s, the dispersion relation is invariant with respect

to the field line chosen. With Eq. (4.85), the wave vector is determined to be,

k = kb + kit + k,t, (4.86)
B q(r)
ky mRBp m=-, (4.87)
0
k, = o {/ k|ds} —mq'(r)(0 — 6y) + ki, (4.88)

where the unit vectors are , normal to the flux surfaces, t = qAﬁBp /B — 6B, /B, lying in
the geodesic direction, and b= ¢A)Bt /B + éBp /B, lying parallel to the magnetic field. The
perpendicular wave number, k; = \/W, is now seen to vary with position. It should
be mentioned that since t lies predominantly in the 0 direction, k; can be approximately
interpreted as the poloidal wave number. Further, choosing m to be an integer preserves
periodicity in the toroidal direction. Subtle issues involving periodicity requirements for the
poloidal angle are unimportant to the trapped modes examined here, because they exhibit

strong localization in the poloidal direction.

To apply this method, an iterative process is used in which the variable, s, is first dis-
cretized. The outboard location, s = 0, is chosen as a starting point at which the value of

k, is specified. The new value of k,, is computed at the adjacent grid point using the value
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of k| at the initial point. This new value of k, is then used to compute k) at the new point,
thus the method resembles a finite difference scheme. Using Eq. (4.48) to express Eq. (4.88)
as a function of s yields

Ky = % U zqu} _mat) V. (4.89)

With this form, the difference scheme becomes

) ,
Ok”  mg(r)

LU+ — 0G) _
1o T RO

n n

ds. (4.90)

For definiteness, 6y and k, are defined to vanish at the outboard location. This is done to
minimize radial propagation of the mode so that perpendicular propagation initially occurs
solely in the geodesic direction. As the wave evolves, it develops a nonzero component of
k., which causes the energy to travel radially because of the non-ideal feature of the shear

Alfvén waves in this regime.

First, to provide insight into the role of magnetic shear, the methodology is applied to
an idealized cold plasma. Figure 4.14 illustrates the calculated parallel and perpendicular
wave numbers as a function of the variable, s. The magnetic well is examined at the radius,
r = 50 cm, with electron density, n, = 5.9 x 10 cm™3, and safety factor, ¢ = 1.45. The
frequency of the wave is chosen to be w = 1.0lw;;, where wy; is given by Eq. (1.2) with
cyclotron frequencies evaluated at s = 0. The solid, dashed, and dash-dotted curves in the
top and bottom panels correspond to the m-numbers, m = 4, 8, and 12. The choice of m
results in a minimum value for the absolute magnitude of k£, because k; is unaffected by
the magnetic shear, as seen in Eq. (4.87). Increasing m causes the wave to begin with a
larger initial &k, thus, minimizing coupling to the compressional wave. In the top panel,
Fig. 4.14(a), the vertical axis corresponds to kﬁ, and in the bottom panel, Fig. 4.14(b), the
vertical axis corresponds to the scaled perpendicular wave number, k.. It is seen from the
top panel that there is little variation in the cutoff point for the three cases. This arises
because, in the cold plasma case, variations in the cutoff position are caused by coupling to
the compressional mode. At the cutoff location, the effect of magnetic shear increases the

value of k, sufficiently that the coupling is weak. The degree to which the value of k| J,
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Figure 4.14: Effects of magnetic shear on resonator modes in a cold plasma. The background
plasma parameters are as in Fig. 4.7 evaluated at r = 50 cm, except that the plasma
temperature is artificially set to zero. The frequency of the wave is w = 1.01w;;, where wy;
is given by Eq. (1.2), with the cyclotron frequencies evaluated at the outboard side. The
horizontal axes correspond to distance along a field line, s. The solid, dashed and dash-dotted
lines correspond to m = 4, 8, and 12. (a) Dependence of /{:ﬁ (b) Dependence of k, d.. Both
panels show that the reflection point is largely independent of k,. As m increases, the
magnetic shear more effectively changes the value of k, resulting in a distorted profile for
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Figure 4.15: Effects of magnetic shear on resonator modes in a hot plasma. The background
plasma parameters are as given in Fig. 4.7, evaluated at r = 50 cm, with m = 4 and the ion
temperatures set to 27.8 keV and 7.0 keV for the solid and dashed lines, respectively. The
frequency of the wave is w = 1.005w;;. (a) Dependence of k:ﬁ (b) Dependence of k.. The
difference in cut-off points between the solid and dashed lines is attributed to the reduction

in the Larmor radius. If the temperature is further decreases, the result approaches the cold

plasma behavior shown in Fig. 4.14.
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changes is largely determined by the first term on the right-hand side of Eq. (4.89), because,
from Fig. 4.6(a), it can be seen that the derivative, ¢/(r), is very small at the flux surface
being examined. The behavior illustrated by Fig. 4.14 indicates that resonator modes can

clearly exist for cold plasma conditions.

Next, the effects of finite ion temperature in the presence of magnetic shear are considered.
Figure 4.15 is the analog of Fig. 4.14, but at a slightly lower frequency, w = 1.005w;;, and
with ion temperature included. For this case, m = 4 is chosen for both displays. The ion
temperature at this flux surface is 7; = 27.8 keV, and corresponds to the solid line in both
panels. For the dashed line, the ion temperature is artificially lowered to T; = 7.0 keV,
to provide a comparison. It is found that for temperatures below T; = 2.8 keV the cold
plasma result shown in Fig. 4.14 is recovered, but it is not shown. The top panel, Fig.
4.15(a), illustrates coupling to an IBW, as evidenced by the lobes that appear in the display.
The appearance of these lobes causes an increase of both the length of the resonator and
of the area under the curves shown in this panel. When magnetic shear and FLR effects
are included, the quantization condition, Eq. (4.50), causes the value of the eigenfrequency
to decrease for a given n. The bottom panel, Fig. 4.15(b), illustrates the corresponding
increase in the value of k. The variations in k£, have two significant consequences. First,
the damping of the wave increases with increased k. Second, the instability driven by the
alpha particles can be tuned and detuned depending on the local value of k£, . Such a spatial
variation is expected to reduce the amplification factors reported in section 4.4. However,
many different modes can be amplified at each poloidal position, and subsequently carry the

energy to other locations.

4.6 Discussion

In this chapter, an analytical study has been performed to explore how the challenging
environment of burning plasmas modifies the properties of the ion-ion hybrid resonator.
First, a one-dimensional WKB model was developed considering both inertial and adiabatic

electrons. Then, a detailed study of the kinetic dispersion relation for shear Alfvén waves, in-
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cluding coupling to the compressional mode, has been made for the relevant burning plasma
conditions. It is identified that the high ion temperatures introduce a variation of the reflec-
tion points of the resonator modes with perpendicular wave number. The one-dimensional
WKB model was then extended to include kinetic effects in the calculation of the eigenfre-
quencies of the trapped modes. It is found that ion cyclotron damping limits the possible
resonator modes to a narrow bandwidth (on the order of 500 kHz) above the local ion-ion
hybrid frequency on the outboard side of a given magnetic surface. Within this bandwidth
several weakly damped resonator modes can be found. The modes experience strong poloidal
localization (ranging from 10 to 50 degrees) about the midplane. The spatial amplification of
resonator modes driven by energetic, fusion-born alpha particles has been considered. The
alpha particles are modeled using a ring distribution, which is relevant to the post-birth
phase of the alpha particles before collisional relaxation occurs. It is determined that such a
ring distribution can effectively couple energy into shear Alfvén modes, resulting in roughly

three e-foldings of amplification in one pass through the resonator.

A preliminary assessment of the effects caused by magnetic shear has been made The
primary effect is the increase in the value of the perpendicular wave number as the shear
Alfvén wave propagates along the resonator. Under cold plasma conditions, this effect pre-
vents energy transfer to the compressional mode, and, in a sense, provides for a more robust
resonator. But it is found that such behavior pertains to ion temperatures below 2.8 keV.
For larger ion temperatures, the magnetic shear causes the Alfvén wave to couple to an ion-
Bernstein mode. This in turn lengthens the resonator and reduces the reflection efficiency.
The increase in the value of k; also can increase the damping along the propagation path,
although this effect may be offset somewhat by the decrease of k) as the wave approaches
the cut-off point. The instability drive by the alpha particles can also be affected by the
variations in k. This can lead to spatial tuning and detuning of the wave resonance with

the alpha particle population, possibly reducing the amplification factors reported.

In summary, the presence of an ion-ion hybrid Alfvén resonator has unique signatures
that may be sampled in future burning plasma experiments. The results of this investiga-
tion provide clear guidelines for comprehensive studies of related phenomena (e.g., plasma
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rotation, alpha channeling) that should be based on advance computational techniques that

expand on the present frontier RF codes such as AORSA [21] and TORIC [68].
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CHAPTER 5

Cherenkov radiation of shear waves

The excitation of shear Alfvén waves by energetic particles is a phenomenon that can occur
naturally in space plasmas as well as in magnetically confined fusion devices. It has been
shown that fast electron bursts occurring in the auroral ionosphere can be generated by
interactions with time-varying, localized potential structures [69]. Further, fast particle
bursts have been measured in the magnetosphere even during magnetically quiet periods
[70]. In a tokamak environment, the fusion process produces energetic alpha particles. In
each of these cases, the fast particles can directly radiate energy in the form Alfvén waves
through the Cherenkov process. This mechanism enhances the level of the ambient magnetic
fluctuations and contributes to the slowing down of the fast particles. In basic laboratory
experiments, energetic particle bursts can be generated by the ablation of solid targets
with powerful laser pulses [71] and the ensuing emission of waves can be investigated. The
controlled injection of ion beams into tokamaks and basic magnetized devices [72] can also

result in Cherenkov radiation of shear Alfvén waves.

A previous theoretical investigation [50] evaluated the emission of shear Alfvén waves in
a single species plasma. That earlier study was motivated by a basic laboratory experiment
[73] in which an electron burst arises from the nonlinear absorption [74] of a powerful pulse
of high frequency electromagnetic waves. In those studies, it is found that, in the inertial
regime of wave propagation, the wake pattern of the resulting Cherenkov radiation exhibits
an inverted V-shape due to the backward-propagating nature of the shear Alfvén waves,
i.e., the perpendicular group velocity is in the opposite direction to the perpendicular phase
velocity of the wave. Another predicted feature is the clustering of the radiation around the

ion-cyclotron frequency. Further, no radiation is emitted for particles moving faster than the
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Alfvén speed. In the kinetic regime, the wake exhibits the familiar Cherenkov cone pattern
so long as the particles do not travel faster than the Alfvén speed. However, when the
particles exceed the Alfvén speed, field-aligned current channels develop in the wake. This
is largely due to the natural exclusion of low perpendicular wave numbers from the radiated

signal.

The work presented here differs from these previous studies in that a second ion species
is included in the model. This introduces an upper frequency propagation band, as discussed
previously, as well as the presence of the ion-ion hybrid frequency. With the inclusion of a
second ion species, the lower branch exhibits all of the same characteristics determined by
the prior single species studies. The upper branch, however, differs in that it always allows
for the Cherenkov condition to be met. This allows for radiation in the inertial regime even
when the particle exceeds the Alfvén speed. Further, when considering the kinetic regime,
the current filaments present in the lower branch signal due to a particle exceeding the Alfvén

speed are overwhelmed by the signal radiated in the upper branch.

This chapter is organized as follows. Section 5.1 summarizes the previous model [50]
of Cherenkov emission by a field-aligned, charged particle burst. It is reproduced here for
logical continuity and convenience as the details are especially relevant to the remainder of
this chapter. Section 5.2 illustrates the properties of the waves in the inertial regime, and
section 5.3 illustrates the properties in the adiabatic regime. Displays are made for conditions
relevant to LAPD to assist in the interpretation of possible future experiments. Section 5.4
gives the results of radiation for a point particle for parameters relevant to LAPD in the
inertial regime and relevant to ITER in the adiabatic regime. A discussion of the results

from this chapter is presented in section 5.5.

5.1 Formulation

Although this formulation has been presented elsewhere [50], the details are especially per-
tinent to the results in the remainder of the Chapter. In this formulation, the plasma is

considered to be spatially uniform and infinite in extent. The confining magnetic field is
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placed along the z-axis of a Cartesian coordinate system (x,y, z). A charged particle burst
is modeled as an external source, removing any feedback of the plasma on the particle burst.
The burst is taken to travel predominantly along the z-axis so that it couples most strongly
to the shear wave. The burst is assumed to travel with sufficient speed that collisions with
the background plasma are negligible, and for this reason, the speed of the burst is taken to
be constant. In reality, the burst will lose energy due to a radiative reaction, but such effects
should be small, and could, in principle, be treated perturbatively. With these assumptions

in mind, the charged particle burst is modeled as

. 1 2% 442 A
js = qub@ exp (— 7 d(z —vt)z. (5.1)

Here, v is the speed of the burst, ¢ is the charge of an individual particle, and N, is the number
of particles associated with the burst. A Gaussian spatial profile with spread d is specified
in the transverse direction in order that the burst be spatially localized and for theoretical
simplification. A delta function is used to specify the z dependence in order to ensure that
all of the charges travel at the same speed. This results in spatial and temporal coherence
of the emitted radiation. The formulation could be extended to include the possibility of
a distribution of charged particles, with variation both in momentum and position. This
would result in loss of coherence in the resulting signals and would have direct relevance to

noise levels in a burning plasma, but this calculation is not performed here.

To find the resulting radiation, Maxwell’s equations must be solved with the source
current given in Eq. (5.1). This is most easily done through the use of Fourier transforms.

For a generic quantity, f(r,t), the relation to its transform is

ﬂkwyi/ﬂnwamﬁmmMu (5.2)

f@ﬂ:/ﬂmmﬂfwgg. (5.3)

In this Fourier representation, the plasma current density response due to the source is
included in the dielectric tensor, and upon solving for the electric field in Maxwell’s equations,
the following equation results

4miw ~

5 (Js)i- (5.4)

(kzk] - kzéij + kggij)gjj = —
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Here, as before, ky = w/c and ¢;; is the ij component of the plasma dielectric tensor. The

Fourier transform of the source current is given by

: K}

js = 2mvgNye™ "7 0(w — kjjv —iv)2. (5.5)
A small imaginary part has been included in the argument of the delta function. This implies
that the fields vanish as t — —oo. This ensures that causality is not violated and yields
convergent integrals when inverting the Fourier transform. In performing contour integrals
later, v — 0 so that the final result is independent of this parameter. The wave vector is
decomposed into components parallel to the confining magnetic field, k) = k., and perpen-
dicular to the magnetic field, k; = \/kZ + k2. Solving Eq. (5.4) requires inversion of the
operator acting on E and inverting the Fourier transform by performing the necessary inte-
grations. As will be shown, two integrals can be performed analytically with the remaining

integral performed numerically.

In order to proceed, it is necessary to specify the precise form of the dielectric tensor.
Since the focus is on shear Alfvén waves, the off-diagonal component, €., is neglected. With

this choice, upon solving for the Fourier amplitude of the electric field,

~ 4miw k}H
E=- ————h 5.6
¢ Dk,w) "’ (56)

ks
h = k, ) (5.7)

(ki — koe1)/ky
D(k, w) = —k‘g (k/‘gél&H - kiéL - kﬁ&H) . (58)
From Faraday’s law, the Fourier amplitude of the magnetic field is

B _dm = Js.k x 2. (5.9)

Tk%e’:]_é‘n —k%e) — kﬁeSH
Because of the azimuthal symmetry of the field-aligned source given by Eq. (5.1), the source
only excites the azimuthal component of the magnetic field, B, with B, and B, vanishing.
For this reason, it is useful to express the magnetic field in terms of cylindrical coordinates,

r, ¢, z). In the cylindrical representation, B, = B, and B, = By when y = 0, and since the
y @
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radial and azimuthal components of the wave magnetic field are independent of the azimuthal
angle, the variable  can be replaced by r in the resulting expressions. Representing the
wave vector in cylindrical coordinates yields, k, = k| cosa and k, = k| sina where « is the
azimuthal angle of the wave vector. When inverting the Fourier transform, the integral over
a can be performed independently of either the form of the dielectric tensor, or the specific

type of source. This property leads to the following integral over o which is readily evaluated

2m . sin o 0
/ giLreosa do = 2mi Ji(kor). (5.10)
0 COS (v 1

Performing this integral leads to the following expression for By

1

k: i(kHz—wt)
By = ——QC/kidk:Ldk@w eui{hur)e

2 _ 1.2 _ 1.2
k05l€H k?J_éL kH6||

5.2 (5.11)

Since in the sections that follow, the plasma wake is displayed through contour plots of
the z-component of the plasma current density, an expression for this quantity is obtained
through Ampere’s law. The displacement current is negligible for the frequencies of interest.
For this reason, in regions away from the source current, the plasma current density can be
expressed as

) c
p=VxB. (5.12)
Substituting the result of Eq. (5.11) into the above expression results in

EJ_ Jo(ku_r)ei(k”z—wt)

2 2 2
k0€L5|| — kJ_SL — kHSH

1 ~
Je=—g%3 / k3 dk dkyjdw 78,z (5.13)

3
5.2 Inertial Regime

The electrons are in the inertial regime if w/ Ky > v, where v, is the electron thermal speed.
Due to the presence of the delta function Eq. (5.5), this condition is met if the burst
speed is much larger than the electron thermal speed, v > .. In this limit, the parallel
component of the dielectric tensor can be approximated by Eq. (2.18), and for the case of
relatively cold ions, the perpendicular dielectric can be approximate by Eq. (1.1). Without

loss of generality, the frequency ordering is assumed to be {25 > €y or my < m;. Further,
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the plasma density and magnetic field are assumed to be large enough that the following

frequency ordering is assumed to hold: w < Qs <K wy; K Wpe, (L.

It is useful to introduce the following dimensionless quantities: w = w/Q, a = k. J,
ko= kwa/, p=Qo/Q, 0 = wi /0, ' = Wt, 2 = Qz/va, 7" = 1/be, and u = v/va,

where . = ¢/wy.. Upon substitution of these definitions into Eq. (5.11),

<1 . w_2> Jl(a,,ﬂ/)ei(nz/fwt’)

0?2 o2 ~
By— /dad/{dw a— : e (5.14)
2m2ccva S-w)(1-%) - (1+a) (1- %)
) N _a2d2
Jon = 2W”A£ bue” W 5w — ku — i), (5.15)
1

Before evaluating the integrals, it is useful to first understand the poles of the integrand,
which are associated with the dispersion relation of the waves. From Eq. (5.14), it is seen

that the values of w and k must simultaneously satisfy the relations

= u, (5.16)
K2 w? w?
Eu—w?) (1_?> — (1 +a?) (1—§) =0. (5.17)
Solving this system of equations for x yields two solutions. One solution corresponds to a

propagating wave with frequency smaller than €21, while the other is in the frequency range

wi; < w < Qy. The solutions are

HiZ%(ﬁsilﬁJ 1+4ﬂ—5§>, (518)
with
_liein_Faye 5.19
BS—E(/JJ—F)_F( —|—CL>, ( )
2 2
o=+ a?) - 5 (5.20)

It can be shown algebraically that since 1 < o < pu, the discriminant is always positive.

Further, it can be shown that /ﬁi is always positive and that 2 is positive provided that

1
a<aM:Re\/E—1. (5.21)
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These proofs are outlined in Sec. 5.3 for the adiabatic regime, and a similar proof is applicable
here. Figure 5.1 illustrates the physical meaning of the two solutions for helium-hydrogen
mixture and parameters typical of experiments that can be performed in the LAPD. The
vertical and horizontal axes correspond to x and w, respectively. The solid straight line
represents Eq. (5.16) for u = 0.5; it corresponds to the Cherenkov condition that the phase
velocity of the wave match the speed of the burst. The single dashed curves correspond to Eq.
(5.17) for a value of “a” that satisfies the condition of Eq. (5.21). It is seen that there are two
intersections between these curves and the solid straight line. These intersections are the two
values represented in Eq. (5.18); the negative root corresponds to intersection at a smaller
scaled frequency, and the positive root, to a larger scaled frequency. The dot-dashed curves
are, again, Eq. (5.18), but now for a value of the parameter “a” that violates Eq. (5.21).
Here, the intersection at higher frequency is seen, but the intersection at lower frequency is
not possible. A solution exists for which x_ is purely imaginary, but this corresponds to an

evanescent signal and would not exhibit Cherenkov radiation.

Figure 5.2 complements Fig. 5.1 by illustrating possible solutions for various burst ve-
locities in the range 0.3 < u < 0.7. As u decreases, it is apparent that the solutions move
closer to the respective cyclotron frequencies, especially for the smaller values of “a” (which
is expected due to the radial envelope of the source). For u = 0.3, a clustering of the radi-
ated frequencies occurs near the cyclotron frequencies of both species; the signal generated
exhibits beating between these two freqeucneis, as shown below. If the source is sharply
peaked radially, then large values of “a” admit Cherenkov solutions with frequencies close
to the ion-ion hybrid frequency. This is explored in Sec. 5.4, where the wake due to a single

alpha particle for conditions anticipated in the ITER device is considered.

With the understanding of the expected properties of the wave features, Eq. (5.14) can
be evaluated. The integral over frequency is easily performed due to the delta function,
with the imaginary part in the argument of the delta function considered to be vanishingly
small at this stage. The finite imaginary part causes the poles to move away from the real

axis in such a manner as to preserve causality. Upon performing the frequency integral, the
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Figure 5.1: Constraints on Cherenkov radiation in the inertial regime. Vertical axis is the
scaled wave number, x, and horizontal axis, the scaled frequency, w as defined above Eq.
(5.14). The solid, straight line corresponds to Eq. (5.16) and reflects the wave-particle reso-
nance condition for a value of v/v4 = 0.5. The broken curves correspond to the two branches
of the dispersion relation of the inertial mode in Eq. (5.17) for a 50% H+, 50% He+ plasma,

2

for two values of the transverse width “a.” The upper frequency branch always possesses

a real solution, but the lower branch only yields a real solution if a < ap = /1/u? — 1.
w/Q = 1 is the helium cyclotron frequency, w/€); = 2, the ion-ion hybrid frequency, and

w/Qy = 4, the hydrogen cyclotron frequency.
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Figure 5.2: Range of intercepts leading to Cherenkov radiation. The blue line is for u = 0.3,
green u = 0.4, red v = 0.5, and cyan u = 0.7. The black curves are the same as in Fig. 5.1.
As u decreases and at smaller perpendicular wave numbers, the radiative solutions cluster

around the individual cyclotron frequencies.

expression for the magnetic field becomes

2,2
K2u? / 7a4:2L ik(z' —ut’)
) Ji(ar')e % e

(k2 — K2) (K% — k%)

(5.22)
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Next, the integral over x is performed. This can be done by contour integration. A distinction
must be made between the two cases, 2’ — ut’ < 0 and 2z’ — ut’ > 0. For the former case,
the contour is closed below the real axis, and for the latter case, above. Causality dictates
that the pole due to x, be treated as if it lies below the real axis. It only contributes to the
integral when 2z’ — ut’ < 0, or for times after which the burst has passed the axial position
considered. For times such that 2/ — ut’ > 0, the pole is not enclosed by the contour, and
thus, it does not contribute to the integral. The second root, x_, has the same properties
for values of “a” that satisfy Eq. (5.21). For a > ay;, k_ is purely imaginary and makes

a contribution regardless of which direction the contour is closed. Upon completion of the
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integral over x, the magnetic field becomes
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where the evanescent part of the response is included for completeness. This component of
the signal has been previously examined [50], and it can be thought of as the magnetic analog
of Debye shielding. Because the primary interest of this investigation is in the radiated signal,

the evanescent portion is neglected in what follows.

In describing the wake pattern, it is illuminating to display the z-component of the plasma
current density. This is given by Eq. (5.13), and its calculation is equivalent to replacing
the Bessel function, Ji(ar’), in the magnetic response with the quantity, Jo(ar’)ac/4md,.
Figure 5.3 illustrates the wake found by numerical integration, for the values, d, /0. = 3,
u = 0.5, 0 = 2, and pu = 4, corresponding to a hydrogen-helium plasma in LAPD. The
color scale in the contour displays is normalized to the maximum amplitude of the signal.
The charge burst is located at the origin and is moving upward at speed, v. The pattern
is computed at ¢t = 0, and for ¢ # 0, the pattern simply translates with the charge. In
addition to exhibiting the inverted-V pattern, as in the single species case, it is clear that
two distinct waves are propagating and interfering with each other. Further, in addition
to having different wavelengths and frequencies, the Cherenkov cone angle is different for
each of the waves that make up the total signal. This is understood by examining the group
velocity for shear Alfvén waves. The angle at which the group velocity propagates is given by

tan = vy, /vy = —0kj/0k.. This quantity can be evaluated from the dispersion relation
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Figure 5.3: Wake radiated by a particle burst in the inertial regime. Spatial pattern of

parallel current density j./|j.|max for di /6. = 3, u = 0.5, 0 = 2, and pu = 4. Color contours
represent the current wake at ¢ = 0 with the charge burst centered at the origin and moving
upwards. Two separate patterns are clearly visible. The broader, longer wavelength pattern

corresponds to the lower frequency branch and the narrower, shorter wavelength pattern, to

the upper branch.
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Figure 5.4: Relationship between angle formed by group velocity, €, and the cone angle of
the Cherenkov emission, x. A signal is excited in the plasma after the charge passes by. As

0 increases, y decreases. This explains the two cone angles visible in Fig. 5.3.

in Eq. (5.8). In the inertial regime, the corresponding angle is given by

k ik 0
tanf = _TW’ (525)
or in terms of scaled quantities,
VA ak
tan g = 5.0 tanf = — a2 (5.26)

From Fig. 5.1 and Eq. (5.18), it is clear that k; > k_ for a given value of “a.” This implies
that the group velocity angle is much larger for the higher frequency band than for the lower
one. Schematically, the resulting situation is illustrated in Fig. 5.4. Geometrically, the cone
angle of the radiation, y;, is related to the angle formed by the group velocity by y = 7/2—6.

Thus, for a larger angle, 8, the cone angle, y, is smaller as shown in Fig. 5.3.

The temporal signature of the radiated magnetic field shown in Fig. 5.3, obtained by
evaluating Eq. (5.23) at a fixed spatial position, is shown in Fig. 5.5(a). Time, ¢t = 0,
corresponds to the burst being located at the same axial position at which the field is
sampled. The radial position is v’ = 10, chosen to allow for sufficient temporal separation
between the two components of the signal. The displayed signal is normalized to its peak
value. It is seen from Fig. 5.5(a) that the lower frequency component arrives first and the
larger frequency component arrives later. This feature is primarily due to the larger cone

angle exhibited by the lower frequency propagation band. Figure 5.5(b) displays the power
136



() 4

0.8¢

0.6}

B, ()2

0.4y

0.21

Figure 5.5: Temporal signature of the magnetic field corresponding to the wake pattern
of Fig. 5.3 at a fixed radial position, r/d. = 10. (a) Time dependence of the magnetic
field normalized to its peak value. The arrival of the source at the same axial position of
the location sampled corresponds to ¢ = 0. The lower frequency arrives sooner than the
upper frequency due to the difference in cone angles, as illustrated in Fig. 5.4. (b) Power
spectrum normalized to the peak value. Two frequency bands are clearly visible just below

the individual cyclotron frequencies.
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spectrum of the time signal in Fig. 5.5(a), again normalized to its peak value. The radiated
frequencies are clustered close to the cyclotron frequencies of the individual ion species.
This is due to the associated increase in traverse group velocity as the cyclotron frequency
is approached, in accordance with Eq. (5.25). The relative amplitude of the power that
appears into the lower and higher frequency components, however, depends on the radial

position sampled. At small radial positions, the higher frequency spectral peak is dominant.

5.3 Adiabatic Regime

In the extreme kinetic regime, the burst speed is considered to be much smaller than the
electron thermal speed, v < ., while all other assumptions made in the analysis of the
inertial regime are presumed to remain valid. In this limit, the parallel dielectric coefficient

is approximated by

w2

g = Wi’}’ (5.27)
while the perpendicular dielectric coefficient, €, remains as in Eq. (1.1) (i.e. kinetic effects
are negligible for the ions). The cold ion contribution is neglected in Eq. (5.27), which
eliminates the ion-acoustic wave from the dispersion relation. This is a valid approximation
when the speed of the source is much greater than the ion-acoustic speed, ¢s. Further, to
neglect the coupling between the Alfvén and acoustic modes, it is assumed that vs > ¢
which is appropriate for low-beta plasmas. If either of these conditions is violated, the ion

contribution must be retained in Eq. (5.27) in order to properly include the ion-acoustic

wave in the formulation.

The same methodology used in the inertial case, given in Sec. 5.2, applies here. All
quantities are scaled as before with the exception of the radial variable. Here, the relevant
radial scale is the ion-sound gyro radius, ps = c¥./vawpe. Accordingly, the scaled transverse

direction becomes " = r/ps and b = k; ps. With these scaled quantities and the adiabatic
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expression for the parallel dielectric, Egs. (5.5) and (5.11) become

’ (1-2) sy
By= g [ dbdudu : se (5.28)
T=CPsV w2 72 w2 (1 — g2 _ w?
psva (F-9) (1-%)-(1-v)(1-%)
~ N _b2d2
jS7Z:27TUAq bue” 7 §(w — Kku — ir/). (5.29)

1

As before, the solution is determined by the poles associated with the dispersion relation.

In analogy with Eqgs. (5.16) and (5.17), the poles are now determined by the relations
= u, (5.30)

(:_22 — zﬂ) (1 — Z’_js — (1 —w? <1 - Z-j) =0, (5.31)

which yield two solutions, x4, that take the same form as Eq. (5.18), but with the new
definitions for £, and [y,

2
Bs = % (Hu —Z—(u —b2)) (5.32)
B2 e
Bo="3 (v —1-10%). (5.33)

As in the inertial case, the discriminant is always positive. To prove this, first observe that
the discriminant can only be negative if 5, < 0. With this restricting in mind, and recalling

that 1 <o < p

A\t ah ) |
1 ut N\ 1 2

With this relation, it can be shown that 32 4+ 4/, > 0 by the following inequalities,
1 1
B2+ 40> = [(1 —u'Bo)’ + 4u4ﬁo} == (1+ u'Bo)” > 0. (5.36)

Next, it can be shown that s, is always real. This can be seen by showing that if g5 < 0,
then 3y > 0. The former condition implies that b* < u? — (1 + p?) 0% /2. This relation leads
to the condition that 8y > [(1 + p?) 0?/u? — 1] p?/u* > 1/u*, where the condition that o > 4

has been used.
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Examining next the condition on x_, it is seen that if 85 < 0, then x_ is imaginary. If
instead it is assumed that 85 > 0, then the condition that x_ be real is equivalent to 5y < 0.

This leads to the condition that
b> by = Revu? —1, (5.37)

which is the same condition obtained for a single species plasma.

With an understanding of the poles in the integrand, the frequency integration in Eq.
(5.28) yields

2,2
de

B = UL [ (1) e
¢ = — K

weps ud (k? — K2) (K2 — K2)

k(2" —ut’)

e’L

(5.38)

The integrations over x are next performed in the same manner as in Sec. 5.2 for the inertial

regime to obtain

N.Qy 142 00 _v2ad <1—
B, =21 / dbe A
Cps U 0

;) T (o' sin (kg (2 — ut'))

K4 (K/%r — /i%)

(5.39)

, 2 —ut' <0,

o 2a (1 . —) Jo(br') sin (k- (2 — ut'))
+ / dbb*e 43 5 5
h (W2~ R2)
in which the evanescent fields have been neglected. If included, they result in a form similar
to those found in the inertial regime, shown in Eqgs. (5.23) and (5.24). The remaining

integrals are evaluated by numerical integration.

The wake patterns associated with the z-component of the plasma current density are
illustrated in Fig. 5.6 for values of v = 0.5, 1.0, 1.5, and 2.0. The parameters are u = 4,
o = 2, and d, /ps; = 3, corresponding to LAPD conditions. In each panel, the current
density is normalized to the maximum amplitude in the contour. As before, the charge is
located at the origin and is traveling upward with velocity, v. Figures 5.6(a) and 5.6(b) not
only display, overall, the characteristic Cherenkov radiation pattern but also exhibit spatial
interference between two modes with different wavelengths, corresponding to simultaneous
excitation of the two propagation bands. Figure 5.6(c) shows that as the velocity of the burst

increases beyond u = 1, a periodic array of field-aligned current filaments develops from the
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Figure 5.6: Wake radiated by a burst in the adiabatic regime. Spatial pattern of parallel
current density j./|j.|max for d, /ps = 3, 0 = 2, and p = 4. From top to bottom, u = 0.5,
1.0, 1.5, and 2.0. The pattern of the lower branch transitions into the vertical pattern as
u increases above one. This is most apparent in (c) for the u = 1.5 case. In (d), u = 2.0,
the upper branch is dominant. The upper branch does not develop the current filament

structure because it has no lower limit on the integral over &, .
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magnetic structure associated with the second integral in Eq. (5.39). This behavior is in
agreement with the single-species result found previously [50]. The effect can be understood
from Eq. (5.37), which reflects the fact that as u increases, the lower-branch is dominated
by short perpendicular wavelengths. Also, when the limit of large u is considered, xk_ ~
202 /u?, indicating that the parallel wavelength becomes large. However, the limiting spectral
decrease in the source current, due to the assumed Gaussian radial shape of the burst, causes
the signals with large values of “b” to become less significant, until the pattern becomes
dominated by the first integral in Eq. (5.39). This is the reason why the field-aligned currents
are no longer visible in Fig. 5.6(d) for u = 2.0, since the display format is normalized to the
peak value. At these higher speeds, the pattern is dominated by the radiation of the higher

frequency band, which does not develop filamentary structures.

5.4 Wake due to a point particle

To illustrate the Alfvénic wake produced by a point particle, two situations are considered;
a fast particle propagating in LAPD with inertial electron response, and a fusion-born alpha
particle propagating in ITER-like conditions for which the electrons exhibit an adiabatic
response. In evaluating these two situations, all of the previously discussed concepts are
appropriate. However, in this context the moving source (i.e. the fast particle) must be
considered as a point source, and this can be modeled by taking d; — 0, in which the
transverse Gaussian profile approaches a delta function. In this limit, care must be taken to

ensure numerical convergence of the resulting integrals.

To illustrate the limiting pattern, the inertial regime is first considered. The z-component

of the wave current becomes

oo [ 2 () =
pz 27’(’53 u 0 H++(KV3-_/€2_)
(5.40)

K2 u?

_|_/aMda y <1 - = ) Jo(ar") sin (k_ (2" — ut’))

ko + (k2 — K2)

, 2 —ut’ < 0.

The second integral is easily performed numerically. To perform the first integral, the asymp-
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totic form of the integrand must be examined. In the limit of large “a”,
K2~ =g, (5.41)
o

2 2 2
1
2l (1+0_(0_2_4u2_4>) (5.42)

w2 ufd 4412 a
If the numerically evaluated portion of the first integral in Eq. (5.40) is truncated at a value,
(Max, that satisfies both anax > 1 and ana,r’ > 1, then for the asymptotic contribution,
the Bessel function can also be replaced by its asymptotic form. In this case, the asymptotic

portion of the first integral is proportional to

/°° cos(ar’ — mw/4) g 2 cos(appaxr’ — 7/4)
a=—
o 0P VMax

— — (5.43)
S ( AMaxT ) . C ( AMaxT >] ’
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where the functions, C'(x) and S(z) are the Fresnel integrals

- [eos(2)an s [on(E)

Upon expanding the Fresnel integrals for large argument, Eq. (5.43) becomes

o0 f— 4 4 ax " — 4 1
/ COS(CLT3/2 7/ )da - cos(anaxr’ — m/4) L0 <3_/2> _ (5.45)
. a v/ OMax

A\ ax
Thus, if aypay is chosen such that the integrand (including the Bessel functions) is asymptotic

+ 2V 7!

and the leading order term in Eq. (5.45) vanishes, then the integral converges relatively
quickly and the oscillatory part of the integral at infinity can be neglected. Similar results
hold for the magnetic field with the leading order term of the asymptotic portion being

proportional to cos(ayaxr’ — 37r/4)/a§/[/zx.

Figure 5.7(a) illustrates the Cherenkov wake pattern for the single particle case in the
inertial limit for a H-He mixture of equal concentrations, as can be realized in LAPD ex-
periments. The general features seen earlier in Fig. 5.3 are present: there are two distinct
patterns and the lower branch has a larger Cherenkov angle than the upper branch. However,
Fig. 5.7(a) differs from Fig. 5.3 in that the wake pattern is dominated by the contributions

from the upper frequency branch with the lower branch only barely visible just outside the
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Figure 5.7: (a) Wake pattern in the inertial regime due to a single particle traveling at
u = 0.5 in a background plasma of equal concentrations of hydrogen and helium. The
dominant signal possesses a narrower cone angle and corresponds to the upper branch. The
longer wavelength pattern with a larger Cherenkov cone angle corresponds to the lower

branch and is barely visible. (b) Expanded view of region within dashed-line rectangle in

(a).
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Figure 5.8: Temporal signature of the wake pattern of Fig. 5.7 at a fixed radial position,

r/d. = 10. (a) Magnetic field. (b) Power spectrum. The lower-branch signal arrives first,

followed by the upper-branch, which starts around ¢ = 15. w/€; = 1 is the helium cyclotron

frequency, w/€ — 2, the ion-ion hybrid frequency and w/€2; = 4, the hydrogen cyclotron

frequency. A clear frequency separation between the upper and lower band is apparent.
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cone of the upper branch, as seen in Fig. 5.7(b), which is a blow-up of the region bounded
by the dashed rectangle in Fig. 5.7(a), and locally normalized to the peak value. To further
illustrate these differences, Fig. 5.8 shows the temporal evolution of the magnetic field at
radial position 7" = 10, readily comparable to Fig. 5.5. In the top panel, the signal is again
normalized to the peak value, and in the bottom panel, the frequency spectrum is normal-
ized to the peak value in the upper frequency branch. From Fig. 5.8(a), it is apparent
that the upper branch does not arrive until roughly ¢ ~ 15. Although not evident from
the figure, the signal associated with the upper band chirps, wherein the signal starts at a
frequency close to the hydrogen cyclotron frequency, and gradually approaches the ion-ion
hybrid; this is due to the narrowing of the Cherenkov cone-angle at frequencies close to the
ion-ion hybrid frequency. In Fig. 5.8(b) it is seen that there is a much larger frequency
spread than in Fig. 5.5. This effect is mainly caused by the contribution of larger transverse
wave numbers, which allows solutions to the Cherenkov matching condition at frequencies
away from the cyclotron frequencies. The clustering of the spectrum around the cyclotron
frequency is less apparent for the lower branch than it is for the Gaussian beam case. For
the upper branch, the radiated signals now extend from the ion-ion hybrid frequency to the

ion cyclotron frequency.

Next, it is useful to illustrate the Cherenkov radiation by fusion-born alpha particles in
ITER. In the fusion environment expected for ITER, the thermal speed of 10 keV electrons
is v, = 4 x 10° cm/s, and the initial speed of a 3.5 MeV alpha particle, v, = 1.3 x 10?
cm/s. The Cherenkov condition is that the parallel phase velocity of the wave be equal to
the velocity of the particle considered. With these conditions, the kinetic, parallel dielectric

18
2

w v,
o~ -7 =], 5.46
|| 2@3 (\/ﬁfaekﬁ> ( )

where Z'(z) is the derivative of the plasma dispersion function. For relevant parameters,

the argument of the plasma dispersion function is on the order of 0.1, placing the electron
response in the adiabatic regime, i.e., Z’ ~ —2. Furthermore, as the alpha particle slows

down, the adiabatic approximation is better satisfied.
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Taking the same point-charge limit as in the inertial regime, the wave current is described

by the relation,

gN, Q12 o0 (1 — %:2> Jo(br') sin (ko (2 — ut'))
Jpz = 5 3 / dbv? 5 -
27Tps u 0 K4 (/{+ — /@7)
K2 u? (5.47)
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Again, the asymptotic regime of the integral is considered. In the limit of large “b”,
2 :u2 2
Ry~ gl (5.48)
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The second integral is amenable to the same type of analysis as done in the inertial regime,
and the same results apply. The first integral is more problematic. The asymptotic form of
this integral is proportional to

/ b3/2 cos (br' — 7 /4) sin (ﬁ (2 — ut') b) db. (5.50)

bMax uo

From the form of this integral, it is clear that it is not convergent. From Eq. (5.50), it is
apparent that the frequencies of the waves associated with the divergence are, w = ub/o,
which increase without limit. This is unphysical and reflects the neglect of the displacement
current in the expression for the perpendicular dielectric. The equivalent expression in the
analysis for the one-species plasma [50] shares this same divergent property, which shows
that it is not a multi-ion effect. The breakdown in the formulation results from trying to
extend the integration to frequencies above the cyclotron frequency of the lighter ion species.
At these higher frequencies the dispersion relation used to explicitly isolate the shear Alfvén
mode (i.e., Eq. (5.8)) is not valid. To rectify this limitation, a low-pass filter function is
introduced that isolates the contribution from shear Alfvén waves in the integration over “b”
in Eq. (5.47). A filter function possessing the desired properties is
f(b) = ;b_(
Lt e ()
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Figure 5.9: Wake pattern in the adiabatic regime due to a single charge traveling at 1.5
times the Alfvén speed. Background plasma consists of equal concentrations of deuterium
and tritium, a situation analogous to a fusion-born alpha particle traveling parallel to the
magnetic field in ITER. The parallel wave current along the field line is shown, normalized
to its peak value. The pattern exhibits the type of filamentary structure shown in Fig. 5.6(c)

for a charge burst.

Here, ( is the value of “b” that satisfies the equation, xk,u = p, which corresponds to the
frequency at which w = 5. Also, the parameter, £, determines the sharpness of the filter.
In order to have a reasonably sharp filter, the value & = 0.01 is used in performing the

numerical integration.

Figure 5.9 displays the wave current along the confinement magnetic field for a back-
ground plasma of equal D-T concentration, corresponding to = 1.5 and ¢ = v/1.5 ~ 1.22.
The source particle is traveling at 1.5 times the Alfvén speed. The wake pattern displays
the type of current filaments seen earlier in Fig. 5.6(c); this is a consequence of the lower
cutoff of the lower band. The contribution from the upper frequency band results in a slight

bending of the current filaments.

Figure 5.10 shows the corresponding temporal evolution of the magnetic field at a position
r/ps = 10 from the trajectory of the particle. Time ¢t = 0 corresponds to the particle passing

the axial position of this location. The signal in Fig. 5.10(a) is normalized to its peak
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Figure 5.10: Temporal signal corresponding to the wake pattern of Fig. 5.9 at a fixed
radial position, r/ps = 10. (a) Temporal dependence of the magnetic field normalized to its
peak value. Time ¢ = 0 corresponds to the arrival of the source at the same axial position
of the location sampled. (b) Power spectrum, normalized to the peak value. w/Q; = 1
corresponds to the tritium cyclotron frequency, w/; &~ 1.22; the ion-ion hybrid frequency,
and w/€; = 1.5, the deuterium frequency. The propagation seen above the individual

cyclotron frequencies is a feature of the adiabatic approximation for shear waves.
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value, while the power spectrum shown in Fig. 5.10(b) is normalized to the peak below the
ion-ion hybrid frequency. Figure 5.10(a) shows a large signal detected around ¢’ = 0 which
corresponds to the leading edge of the current filament at that position. The power spectrum
exhibits a frequency gap below the ion-ion hybrid frequency (i.e., w ~ 1.22) and peaks at a
frequency that is up-shifted from the cyclotron frequency. This shift is a consequence of the
adiabatic approximation for shear Alfvén waves and is also present in single species plasmas;

it is caused by coupling to the ion-acoustic wave.

5.5 Discussion

This theoretical investigation has extended the results of a previous study [50] of Cherenkov
radiation of shear Alfvén waves by a burst of charged particles, in magnetized plasmas
with a single charge species, to the more general case where two ion species are present.
By taking the limit of vanishing transverse dimension of the burst, the Alfvénic wake of a
point-charge has been obtained for the inertial and adiabatic regimes of wave propagation.
The methodology has been used to illustrate the properties of the magnetic perturbations

associated with fusion-born alpha particles for conditions expected in ITER.

The essential physics arising from the presence of two ion species is that Alfvén waves
propagate within two different frequency bands separated by a gap determined by the value
of the ion-ion hybrid frequency. In the inertial regime one band is restricted to frequencies
below the cyclotron frequency of the heavier species, and the other to frequencies between the
ion-ion hybrid frequency, and the cyclotron frequency of the lighter species. In the adiabatic
regime, the frequency bands extend slightly beyond the individual cyclotron frequencies for
large perpendicular wave numbers. The Cherenkov radiation pattern in the lower frequency
band is found to exhibit essentially the same properties reported in the previous single species
study. However, the upper frequency band differs from the lower one in that the Cherenkov

radiation condition can be satisfied for all particle velocities.

The observable consequences of the simultaneous excitation of two different propagation

bands are that a mixture of spatial patterns arises in the wake, and that the temporal signal
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exhibits beats. Typically, at a fixed spatial location the frequencies corresponding to the
lower frequency band arrive earlier and those in the higher band, later. This arises because
each band propagates along a different cone angle. In the inertial regime, two separate spatial
patterns arise. A broader, longer wavelength pattern corresponds to the lower branch and
a narrower, shorter wavelength pattern, to the upper band. The pattern for the adiabatic
regime is significantly altered by the presence of two ion species. The development of a
periodic array of filamentary currents seen in Fig. 10 of Ref. 5, for super-Alfvénic bursts in
a single species plasma, is tempered by the stronger excitation of the upper frequency band,

as shown in Fig. 5.6.

In summary, intrinsic features associated with the presence of two ion species have been
identified in the process of Cherenkov radiation of shear Alfvén waves in magnetized plasmas.
This information should be useful in interpreting observations in space, laboratory, and fusion
plasmas where such ion populations are present. The gap structure in the frequency spectrum

may provide a useful diagnostic signature in fusion environments.
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CHAPTER 6

Ballooning mode in a divertor

In a tokamak, the core plasma is confined to a region of closed field lines. The scrape-off-
layer (SOL) possesses open field lines which intersect the divertor plates, and the SOL is
separated from the core plasma by a separatrix. The change in magnetic topology between
the plasma core and the SOL requires the presence of a poloidal field null, which is created
through the use of external, poloidal field coils. The region in the vicinity of this null is
referred to as the “divertor”. During tokamak operation in the H-mode, the plasma rou-
tinely experiences instability of edge-localized modes (ELMs) which deliver a large amount
of particle and heat flux into the SOL. The resulting plasma is transported along the field
lines towards the divertor region where the heat and particle fluxes are ultimately deposited
on the divertor plates. This geometry is schematically shown in Fig. 6.1(a). The machine
center is represented by the dashed black line, the divertor plates, by the thick green line
segments, and the separatrix by the thick black curve. The null point occurs at the point

where the separatrix crosses itself and forms the characteristic “x” point.

In extrapolating the current heat loads deposited on the divertor plates in existing devices
towards future fusion devices, the heat loads are expected to be greater than current materials
can endure. For this reason, much research is being devoted to find novel methods to reduce
the heat loads on the divertor plates. One such idea is the snowflake divertor [34, 35],
shown schematically in Fig. 6.1(b). In this configuration, the magnitude of the poloidal
field increases quadratically with distance from the null point. This gives the flux surfaces
a characteristic hexagonal structure in the vicinity of the null point, which resembles a
snowflake. The quadratic dependence of the poloidal field strength leads to an increased flux

expansion at the target plates, increased shear in the pedestal region, and stronger squeezing
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Figure 6.1: Schematic of flux surfaces in the presence of a divertor. Dashed line is machine
center, thick black curve is the separatrix, thin black curves are flux surfaces and thick
green lines are the divertor plates.The poloidal null occurs where the separatrix forms the
characteristic “x” point near the divertor plates. (a) Standard divertor. (b) Snowflake

divertor.

of magnetic flux-tubes passing near the null-point [36]. The flux expansion reduces heat loads
directly by increasing the area over which the heat is deposited. The increased shear and
stronger squeezing of magnetic flux-tubes impact plasma instabilities common to the edge
region: edge-localized modes (ELMs) and blobs. Further theoretical investigation concluded
that the magnetic geometry of the snowflake divertor leads to increased divertor radiation
leading to plasma detachment from the divertor plates, alleviation of the divertor target heat

load, and better control of ELMs [37].

The snowflake divertor has been realized on three different tokamaks: NSTX [38, 39],
TCV [40, 41, 42], and DIII-D [43]. The experiments on TCV are of particular interest because
they observed heat flux deposited on the two strike points in the private flux region [44], i.e.,
the two strike points that are disjoint from the SOL. Further, numerical simulations under-

predict the amount of expected heat flux on these strike points by two orders of magnitude
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[45]. This suggests that some mechanism drives convective transport in the vicinity of the
null point, enhancing transport across the separatrices. One possibility is the presence of

plasma instability due to the small poloidal field strength in the vicinity of the null point.

The parameters characterizing the plasma in the divertor region are machine specific.
For an idealized device, the density and temperature at the divertor plates is on the order
of n ~ 102 em™3 and T' ~ 10 eV during inter-ELM operation [75]. The plasma density
typically decays exponentially away from the separatrix with a length scale on the order of
centimeters, and the ion Larmor radius is on the order of 100 um. For such a plasma, ideal
MHD is a valid approximation when considering a zeroth order description of the system. It
is the aim of this and the following chapter to apply MHD stability to the divertor region to
determine whether MHD instabilities can account for the convective transport in the vicinity
of the null point. In this chapter, ballooning instability is considered, and in the following

chapter, the instability of an axisymmetric, quasi-flute mode is considered.

In describing the equilibrium about which instability is to be examined, the Grad-
Shafranov equation [76] is a useful starting point. First, magnetic flux coordinates are
employed, with the flux surface labeled by v, the generalized poloidal coordinate, y, and the

toroidal coordinate, (. In this coordinate system, the magnetic field can be expressed as
B =1(y)V{+ V¢ x V(, (6.1)

where the toroidal field is B, = I(¢)/r with r, the radial distance from the major axis and
I(v), a general function of the flux coordinate, and the poloidal field, B, = V¢ x V(. The

Grad-Shafranov equation is

A*p = —4mr®p/ () — I()I'(¥), (6.2)

where a prime denotes a derivative with respect to 1. The operator, A* is defined in a
cylindrical coordinate system, (r,(, z), with r and ¢ defined as before, and z defined to be
orthogonal to the other two coordinates,
0 (10 0?
AN =r— | -— —. 6.3
"or (r 6?7") + 072 (63)
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Further, the toroidal and poloidal current densities are given by,

o LIny, (6.4)
C. r
47% = I'(})B,. (6.5)

In describing the geometry of the flux surfaces in the vicinity of the null point, it is a standard
approximation to assume that the poloidal field, B,, is curl free [34, 35], which implies that
the toroidal current density, j;, is negligible. This condition amounts to considering equilibria
for which A*i) = 0, with the plasma equilibrium provided by the interaction of the poloidal
current with the toroidal magnetic field. Additionally, the plasma pressure, p, is much
weaker than the magnetic pressure in the divertor, and for this reason, 8, = 87p/B? < 1.
These properties of the plasma in the vicinity of the poloidal null allow for a zeroth order
approximation of the Grad-Shafranov equation, I’(¢)) = 0. Reformulating this statement in
terms of the toroidal field, it is equivalent to saying that the toroidal field is well described

by its vacuum value, the plasma not possessing enough pressure to disturb the toroidal field.

Further simplifications exist when the spatial orderings of the problem are observed.
First, it is assumed that the distances from the null point, d, are much smaller than the
minor radius of the plasma, a. This allows for a local expansion of the flux function where
the lowest order term is retained as described in section 6.1. Further, because the major
radius, R, is larger than the minor radius, a cylindrical approximation can be made in which
toroidicity effects are neglected. In investigating MHD stability in the vicinity of the null
point, these geometrical approximations are made for a flux geometry applicable to both the

standard and snowflake divertors.

In this chapter, a ballooning instability is considered. For such an instability, the pertur-
bation varies rapidly transverse to the magnetic field, but slowly in the direction of the field
lines. In this case, the energy of bending the magnetic field is offset by the slow variation
of the perturbation along the field line. The theory of ballooning modes was first fully de-
veloped for the ideal MHD equations for closed magnetic field lines by Connor, Hastie, and
Taylor [77]. Since then, many papers have been published about ballooning modes, and the

theory is found in various reviews and textbooks, e.g., [76]. In considering ballooning modes
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in the divertor region, the biggest difference is that the field lines are now open and intersect
the conducting end plates. Many papers have been published considering the effects of the
boundary conditions [78, 79, 80, 81]. In the present analysis, the shear of the magnetic field
acts as an effective boundary, causing the modes to rapidly decay away from the null point.
For this reason, the perturbations considered are well localized near the null point and are
negligibly small at the divertor plates. Thus, the divertor plates can be neglected. Because
the modes considered are a special class of perturbation, the resulting instability condition
is less strict than theories which describe the core plasma and include the x-point in the
analysis, for example, Webster and Gimblett’s analysis of peeling modes near the separatrix
[82]. The modes considered here have different consequences, being responsible for dynamics

isolated to the null point.

The outline of this chapter is as follows. In section 6.1, the geometry of the flux surfaces
for both the standard and snowflake divertors is presented. In section 6.2, the ballooning
mode formalism is summarized and applied to both the standard and snowflake divertors.
In section 6.3, a test function is used in the energy principle to derive an instability thresh-
old. The resulting threshold for the ballooning instability is then applied to experimental

parameters in section 6.4.

6.1 Geometry of standard and snowflake divertors

In describing the divertor geometry, the emphasis is in the vicinity of the null point of the
poloidal field. All equilibrium quantities are assumed to be independent of the toroidal co-
ordinate, (. In describing the poloidal plane, two coordinate systems are used, and relations
between the two are given later in this section. The first is a Cartesian coordinate system,
(x, z), defined such that the origin is located at the null point. Since the analysis corresponds
to the vicinity of the null, the ordering of spatial scales is |z|, |z| < a < R, where a and
R are the minor and major radii, respectively. With these assumptions, V{ = & /R. Flux
coordinates are also used because they allow for a simple form for the equations governing

the ballooning mode. Thus, the flux surface and generalized poloidal angle are denoted by
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1 and Yy, respectively. Because of the spatial orderings, the straight, cylindrical approxi-
mation is made in both coordinate systems, but the use of flux coordinates allows for the
accurate description of the complicated magnetic geometry in the vicinity of the null point.

As mentioned in Chapter 7, in flux coordinates, the poloidal field can be written as
B, = V¢ x V(. (6.6)
The standard assumption that B,, is curl free results in the equation,
V x B, = -V(V*) =0. (6.7)

The Laplacian which acts on 1 can be simplified if the torus is treated in the straight-

cylindrical approximation. In this case, the equation reduces to

0? 0? 10 0 1 0?
(@ + a_> ¥ = {;5 (a_) * —%] v=0, (6.8)

where in this chapter r = v/22 + 22 and 6 = tan~!(x/z) are the familiar polar coordinates.
From here, it is clear that the solutions can be expanded in terms of sinusoidal harmonics
each with their own radial dependence. Additionally, since the fields must be bounded at

the origin, the flux function can be written as
v=3 (f)m (A, cos(mb) + By, sin(md)), (6.9)
m=0 a

with A,, and B,, being constants that determine the specific expansion of the flux function
about the origin. The constant term, m = 0, does not appear in the poloidal field as B, is
related to ¥ through a derivative. The m = 1 term corresponds to a non-vanishing field at
the origin. Such a field is relevant to the model geometry considered in section A.2. Here,
the m = 1 term is discarded. The m = 2 term is the dominant term for the standard divertor
in the vicinity of the null, the m = 3 term for the snowflake, and the m = 4 term for the
cloverleaf[83] which possesses a third order null. For this reason, the flux function for the

standard divertor is approximated in the vicinity of the null point as

2 2 2
b = chﬂg Ha (2) c0s(20) = C B,y Ra (u) , (6.10)

2a?
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and for the snowflake divertor,

BpMR(I

b= C=

r\3 x® — 3x2?

In these expressions, the constant has been determined by considering the asymptotic value
of the flux function as r ~ a. In this limit, B, = |V#|/R ~ By, the strength of the poloidal
field in the midplane. The specific choice of a cosine represents a specific orientation of the
flux surfaces. To retain generality in this formulation, the major radius is assumed to form an
angle, a,, with the x-axis. It is true that higher order terms in the expansion may contribute
at distances from the origin that are on the order of the minor radius, but here the surfaces
are approximated to lowest, non-vanishing order, consistent with the length scales in the
problem. Additionally, the lowest order terms given are proportional to a constant of order
unity, C', which depends on the specific global geometry of the problem. These constants of

order unity can be determined by considering the global geometry for a specific device.

In determining the generalized poloidal coordinate for this geometry, a degree of freedom
exists. For convenience, choose |Vx| = |V#|. This choice causes x to be harmonically

conjugate to ). The form of y for the standard divertor is

By Ra r\2 . xrz
X = CPT (a) sin(20) = CB,u Ra (¥> : (6.12)
and for the snowflake divertor
_ _ByuRa (r\3 B a2z — 23
x=0C 3 <a> sin(36) = CB,mRa (T : (6.13)
A complex flux function can be defined in this case to be
B m B 2\ "
n =+ iy = ¢ Denfie <5> exp(imf) — ¢ Dpu 1t (33 i ”) , (6.14)
m a m a

where m = 2 corresponds to the standard divertor and m = 3 to the snowflake. The form
of this function is convenient because it can be inverted so that the coordinates, (z, z), are
expressed analytically in terms of their counterparts, (¢, x). This would not be the case if
higher order terms were present in the expansions or if a toroidal current were present in the

vicinity of the null, causing ¥ to no longer be a harmonic function.

158



The Jacobian of the flux coordinate system can be determined from the relation

1
7 =Vx- (Vi x V(). (6.15)
This is done for arbitrary m using Eq. (6.14) to compute the necessary gradients to obtain
1 z2 4 22 m—1 m2(¢2 + XQ) e
~ =C*RB? = C?’RB%), | ——5— . 6.16
J M ( a’ ) P C?B2), R2a? (6.16)
Setting m = 2 gives the following result for the standard divertor,
1/2
1 x? + 2 P2+ X
— =C*RB? ( ) = 2C*RB?, | =5 : (6.17)
J P a2 P C2R2a?B2),
and m = 3 for the snowflake divertor gives,
2/3
1 2?2 + 22\’ P2+ X2
— = C*RB? =33C RBA | =55 | - 6.18
J pM ( a? ) M C2R%a*B2,, (6.18)
Because of the choice that |Vx| = |V|, a useful relation between the Jacobian, the magni-
tude of the poloidal field, and the major radius is
B:RJ =1. (6.19)

This relation is used later to simplify various expressions.

Figure 6.2 shows the flux surface geometry both in the standard and snowflake divertors.
The surfaces of constant ¢ are shown as black curves, and the surfaces of constant x as
dashed red curves. The separatrices are represented by the straight black lines. The upper
panel shows the characteristic ‘X’ shape of the separatrix present in the standard divertor,
and the poloidal plane is divided into four disjoint regions in which the magnetic field lines
are separated from the other regions. The lower panel shows the characteristic hexagonal
shape of a pure snowflake divertor. In both panels, a second set of axes, (', ), is illustrated
by the thick blue lines. This reflects the arbitrary direction of the major radius which is

taken to form the angle, o, with the x-axis.
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Figure 6.2: Geometry of flux surfaces in the vicinity of the poloidal null. (a) Standard
divertor, (b) snowflake divertor. Solid black lines are surfaces of constant ¢ and dashed red
lines are surfaces of constant y. The thick blue lines indicate an alternate choice of (z, z)
axes in which the flux surfaces are rotated through an angle, a. Here, it is assumed that the
machine center and the toroidal curvature lies in the —2’ direction. The toroidal direction

is out of the page.

6.2 Ballooning mode equations

The ballooning mode formalism has been discussed in many studies, e.g. [77, 76, 79, 80, 81].

As mentioned previously, the mode is assumed to be localized to the null point. As will
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be shown later, this is valid because of the large shear between the null and the divertor
plates. For this reason, the form of the boundary conditions at the plates is unimportant.
Because of this effect, the component of the plasma displacement, &, parallel to the magnetic
field decouples from the perpendicular motion when minimizing the energy to find the most
unstable mode. As a result, the differential equations reduce to a single, uncoupled equa-
tion for the perpendicular plasma displacement when the parallel displacement is chosen to

minimize the energy.

Adopting the method used by Freidberg[76], an eikonal approximation is first made for

the plasma displacement which takes the form

5 = nein((—f?ﬂudx’) (620)

Y

where n corresponds to the toroidal mode number. The quantity v is chosen so that the
phase in the exponential is constant along a field line and is expressed as v = B;J/ R, where
B; is the toroidal field strength. The perpendicular wave vector can be found by taking the

gradient of the eikonal,

k, =-n ( Xg—; dx'> Vi +n(V(—vVy), (6.21)
= kptp + ki, (6.22)

where the wave vector is resolved into two components: k,,, the portion normal to the flux
surfaces; and k;, lying orthogonal to both the normal to the flux surfaces and the magnetic
field, parallel to the vector t = ¢B,/B — xB;/B. From Egs. (6.6) it can be shown that
|V| = B,R. Further, since |V¢| = |Vx/, k,, and k; can be written as

X v
k, = —nRB / —dy/, (6.23)
8 X0 a¢
B

To minimize the energy, 7, is to lowest order,

X -~
= —bxk,. 6.25
un B X K| ( )
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Here, B is the total magnetic field strength, and b is a unit vector in the direction of the
magnetic field. The n in the denominator is introduced to keep the perturbed energies and

fields of order unity. With these definitions, the energy principle for the ballooning mode is

given by
|74
2
= — -2
=% (6.26)
1
W= favw), (6.27)
1, o |8X|° 8tRB,dp ,, )
W(W = ) /JdX J2B2 (kn + kt) W - 32 p@ (kt Rp — ktknlﬁt) |X‘ , (628)
m p(ks + k7)

where the plasma displacement is assumed to have harmonic time dependence, exp(—iwt).
If w? < 0, this corresponds to instability and exponential growth of the perturbation. The
quantity, —w?K, corresponds to the perpendicular kinetic energy with the parallel kinetic
energy neglected. This is done as in the original paper by Connor, et al.[77] in order to
simplify the resulting equations. This simplification does not alter the resulting instability
thresholds derived, though it may overestimate the predicted growth rates. The potential
energy change caused by the perturbation is given by W. As expressed in the equations, the
integrand only depends on 1 as a parameter, and as a result, the analysis can be performed
on each flux surface independently of the other flux surfaces, reflecting the one-dimensional
property that occurs when the ballooning limit is taken. The quantities, p and p represent
the plasma mass density and pressure, respectively, and & corresponds to the curvature of
the magnetic field. The magnetic curvature is resolved into two components, kK = H,ﬂ:b + Kyt
just as k| is. The magnetic curvature is defined to be kK = b - Vb. From this definition and

the plasma equilibrium, it can be shown that

47 ~ N B2

n_—ﬁbx {be(er 8_71')}’ (6.30)
Aar [ 1 0 B2\ . 1 8 (B%\ B,

B LB@ <p+87) Y= 7B, (87) E’“] (6:31)

In this expression, it is convenient to remove all dependence on the plasma pressure. To

do this, the Grad-Shafranov equation is used but with the toroidal current set to zero in
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agreement with the earlier assumptions. The components of the curvature vector are found

to be
. 1 B, 0B?
S - .32
Kt=K-t 2 TB, B Oy (6.32)
B, [B2dlog R*? B2l
mn:—R » _ta og R _p8 ogJ (6.33)
2 |B? Oy B2 Oy

Substituting all of these expressions into the potential energy and kinetic energy, Eqs. (6.28)
and (6.29) become

1 R2B2 (xoau  N?l|ox
W) = [ iy {— (52 [ o) |5
J2R?B? B J, o0 By
dp [B} dlog R? B_galogJ RB; X@d, dlog B? X2
T B2 oy B ov a2 \J, 0™ ) ox :

R2B2 Xy \°
1 Ll —ax ) | |X)? :
(5 ik <) | (6.35)

2

(6.34)

J
K:W/dl/deRQ—gQ
p

Further, from the energy principle, an Euler equation can be derived. The result is

1o f 1 +(R235 "%«)2 0x
Jox | JBIR? B J, oV dx

4mp (RZB2 X v ?
+ < w? 1+ —=2 [ —dadX
{ R2B2 B/, 0V

dp {Bfalogw By dlogJ  RB (/X aud ) alogB2HX
X

(6.36)

T | B ae B aw ap\J, 90™) Tax

Substantial simplifications can be made if the orderings of the physical problem are
observed. First, expand R in the vicinity of the null. If Ry is the major radius of the

null-point, then from Fig. 6.2, it is clear that
R = Ry + 2" = Ry + cos(a)x + sin(«)z. (6.37)

Further, because Ry > |z|, |z,
dlog R?  0OlogJ
< .

o o
At the same time, the toroidal field in the vicinity of the null is much larger than the poloidal

(6.38)

field, B; > B,. Using these relations, consider the expression, dv/0y. As in Chapter 7, it
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is again assumed that the toroidal field is well-approximated by its vacuum solution. This

implies that the quantity B;R is constant. Combining all of this,

v 0 (J\ _ BodJ
a0~ Bligg (R_> ~ T 00

where the toroidal field and major radius have been approximated by their values at the

(6.39)

null-point, By and Ry, respectively. Further, using Eq. (6.19) and B ~ B, ~ By,

R2B? [X 9p 1 [*XoJ
LA BV NI Ry 6.40
B ma¢x JXJWX s (6.40)

In this context, s corresponds to the shear in the magnetic field integrated along the poloidal
coordinate, as is shown later in this section. In the quantity, 9B?/0y, the same approxima-

tions can be applied to yield
dlog B>  0Olog R? B2 dlog J

_ 6.41
ox ox B2 0x (6.41)
Using these results and the orderings previously mentioned, Eq. (6.36) simplifies to
1 0 0X 4dmp
0 - - 7 1 2\ 7 2 1 2
RJoy {( + %) ax} +{w R2Bf,( + %)
(6.42)

dp [[dlogR*> B 0dlogJ dlog R* B dlogJ
4”@[( o B ov o By )t

It is important to understand the meaning of the physical constant, xq, present in the
definition of s. Hameiri made the observation that yo corresponds to the polarization of the

electric field [81]. This is easily seen from Ohm’s law in the form

E—“expo@xke (6.43)
C C n
w., B . 1 (X0
= Yx t— = [ Savel. 6.44
c R&[ gfmawx¢] (6.44)

From this expression and Eq. (6.25), it is seen that xo corresponds to the point at which the
electric field is oriented completely in the geodesic direction and the plasma displacement is
normal to the flux surface. Further, at points along the field line away from yg, the normal
component of the electric field grows relative to the geodesic component and a geodesic
component of the plasma displacement begins to shear the perturbations. Thus, an initial

perturbation is distorted in the geodesic direction as it moves along the field line away from
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the point, xo. In the absence of shear, the electric field would lie solely in the geodesic

direction and all plasma displacements would be normal to the flux surface.

Next, the differential equation is applied to the specific geometries of the standard and
snowflake divertors. First consider the derivatives, dlog R?/0 and 0log R?/0x, which can

be computed as follows. From Eq. (6.14), z 4+ iz can be expressed in terms of 7, resulting in

1/m
P AL e — 6.45
T +iz=am (CBPMRG> : (6.45)

The desired derivatives can be computed by differentiating Eq. (6.37) consistent with the

large R,y approximation to yield

dlog R* 2 d(z+iz) _,
= — —_ T« .4
oY RoRe { dn ¢ ' (6.46)
dlog R? 2 d(z+iz) _,
= ——1 1Y p
8X Ro m |: dn € ’ (6 7)
The derivatives are
1-m
@10g R? 2 m2(¢2 4 XQ) 2m
o CR2B,m (CQR?]a?B?M cos(a + ), (6.48)
p
310gR2 2 m2(¢2 +X2) T .
ox CR2B,m (CQR(%a?B?M sin(ar 4 9), (6.49)
p

Here, 0 represents the angle a vector normal to a flux surface forms with the x-axis. Thus, in
the above expressions, the sum of the angles, a + J, represents the projection of the normal

to the flux surface onto the x’ axis shown in Fig. 6.2. The angle ¢ is expressed as

5:

1
— tan”! (%) +2mj/m. (6.50)

The parameter j represents a branch cut, and can take values, j = 0,1,2,...,m — 1, corre-
sponding to the disjoint regions in Fig. 6.2. Since the specific orientation of the flux surfaces
is captured by the parameter a, we set j = 0 without loss of generality. This focuses the
analysis on the flux surfaces bounded by the separatrix and enclosing the positive x-axis in
Fig. 6.2, while allowing the orientation with respect to the major radius through the angle,
a, to be varied choosing m = 2 for the standard divertor and m = 3 for the snowflake as

mentioned in Section 6.1.
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The derivatives, dlog J/0¢ and dlog J/Ox are given for general m by

dlog J m—1 21
o (" et (05
dlog J m— 1 2x
o :_( - )WHQ. (6.52)

Further, using the relation for the Jacobian, the shear, s, can be computed. This gives the

m—1
-1 2\ “mo /Y d
m (& X0/ (1 + SL‘2) m

This integral can be evaluated for general m through the use of hypergeometric functions.

integral relation,

For the standard divertor, the integral is

s X x0 [14+ 0¥ (6.54)

Y e\ Tt (xo/)Y

but in the case of the snowflake divertor, no expression in terms of elementary functions
exists. Thus, in evaluating s for the snowflake, the integral needs to be performed numerically
for arbitrary yo. For xo = 0, the two asymptotic forms can be used to obtain an approximate

form for s that agrees well over the range of x,

s~ =2 (mT_l) % % <1, (6.55)

2(m—1)

(M) [/OOO ﬁ] () § >t (6.5

Thus, for the snowflake, the function s can be well approximated by

3 (o 3]}
s~——=[(14+0.7554 |=
3¢ (0

with the constant, 0.7554, found by numerically performing the integral in Eq. (6.56).

1/3
: (6.57)

Finally, Eq. (6.19) allows an expression for Bg to be found. With these expressions, the
differential equation modeling ballooning modes can be written specifically for the two di-
vertor configurations. It is useful to scale the equations so that the dimensionless parameters

are clearly apparent,

W — CRoaByysb, (6.58)
X = CRoaBparx. (6.59)
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Further, it is convenient to replace the variable x with = = x /1 as this is the natural scaling

for the poloidal coordinate. The differential equation for the standard divertor becomes

0 {(1+82)8_X]+ﬁMdlogp [ a cos(a+ §) — ssin(a + 9)
Oz 0w |~ " dlog v | 2v/202 Ry /2 (14 2)%/1 (6.60)
_BI%M 1—_SI} _ wla® 1+ s? x .
2B2 1+ 22 4C%0% 1+ a2

where f,, = 8mp/B?), and v}, = B2, /4mp. For the snowflake divertor the result is

_i (1+ 82)8_X + Bons dlogp a cos(a+ 9) — ssin(a + 0)
Ox Ox dlog1 | 18C2 Ry 1+ 22 660
_Bng_Sl‘ B w2a2 1+S2 .
3B3 1+ x2 T 38022, 02 (1 22) BT

To evaluate the derivative dlogp/dlog, it is assumed that the full pressure drops over the
width between the flux surfaces, ¢y = 0 and ¢» = Aj;/a. The latter flux surface corresponds

to the flux surface at the edge of the SOL. Thus, the derivative becomes

dlogp _ Ap/p
dlogvy — Ay /Y

If the distance from the null to the plates along the separatrix is L, this translates to a value

~1. (6.62)

of x = +L?/2A ysa for the standard divertor and z = +L3/3A,,a* for the snowflake divertor.
Typically, these values of x are much greater than unity, and this combined with the large
value of s which develops over this distance, justifies the neglect of the precise boundary

conditions at the divertor plates.

This section closes with a discussion on shear. Analysis of shear in the snowflake divertor
has been performed elsewhere [36]. In what follows, a slightly different presentation is given
in order to elucidate the relevance of the shear to the problem considered here. The relative
strength of the shear in the snowflake as compared to the standard divertor is somewhat
misleading from the form of Eqs. (6.54) and (6.57). The fact that s grows faster in the
snowflake than in the standard divertor as a function of x /v reflects the fact that for a given
poloidal distance traversed, s is larger in the snowflake case. However, because of the smaller
poloidal field in the snowflake, this corresponds to many more toroidal transits and a much
larger distance along the field line is traversed. To see this more clearly, first find the position
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of a field line poloidally as it moves toroidally around the device. In what follows, set C' =1
as its precise value is unimportant for this discussion. Starting at the point x = xq, 2z = 0,
since the field lines are confined to surfaces of constant v, this gives a relation between x
and z along the field line’s trajectory. For the standard divertor, the trajectory of the rays

is governed by

d d d
do_ dz _ do (6.63)
z x q*
where ¢* = aBy/RB,y;. Further, constant ¢ requires that 23 = 22 — 22 to obtain
x = xgcosh (C _*CO) , (6.64)
q
z = xgsinh (C — CO) : (6.65)
q*
Substituting these results into Eq. (6.54) with yo = 0 results in
2(¢C— 2(C—
s = —sinh (M) ~ —M, (6.66)
q q

where the approximate form is for small argument. Doing the same procedure for the

snowflake,
dx dz d¢

= = . 6.67
2vz x?—22 aq* ( )

Constant 1 requires that =3 = 2® — 3zz2. Solving for z and substituting into the previous

‘1 3 ! C - CO
— dx’ = . 6.68
/xo 2\ W@ =)™ T ar (6.68)

This integral can be approximated for values of x close to xg to obtain

equation results in

2
T =x0+ T) (C *€O> : (6.69)

aq
z:gﬁ(g_@). (6.70)

agq*
Plugging this into the asymptotic expression for s for x /¢ < 1, results in

L Sl (6.71)

a q*

From here, it is apparent that the shear is smaller for a given toroidal distance travelled in

the snowflake by a factor of zg/a. For a given SOL width in the midplane, A, the distance
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closest to the null is z9/a = (3Ay/a)"/®. This is typically a small factor (about 0.25 for
DIII-D parameters), though the greater fanning of the flux surfaces near the null results in

the exponent 1/3, which can make the shear comparable for the two divertor configurations.

6.3 Instability threshold

The next step is to determine the thresholds for instability for Eqgs. (6.60) and (6.61). This
amounts to determining the value of §,); for which w? = 0. Further, for a given value of
Byur, the parameter, I' = w?a?/v%,, can be found. This is done by employing a variational
approach in which a test function approximates the fundamental mode of the differential
equation. For this reason, the thresholds reported are sufficient conditions for instability,
but they are not necessary. Setting yo = 0 specializes to modes which are unstable in
the vicinity of the null point where the poloidal field is small. A more detailed numerical
analysis could be performed in which different values of xo are explored, but this is more
appropriate for future applications to specific experimental devices. It should be mentioned
that in choosing values of xq, it is important that the spatial positions still satisfy the length
scales of the problem, i.e. that r/a < 1. If this assumption is violated, the mode is no longer
localized to the null point, and the boundary effects of the divertor plates must be modeled

more carefully.

First consider the standard divertor. In this case, the choice of xo = 0 greatly simplifies

the differential equation into the form

9, 0X a cos(a +0) + zsin(a +6) By
R 1 N __p X
32 (0 5|~ s e 252
. (6.72)
w?a
403,

Casting the equation into a variational form is easily done by multiplying by X and then

integrating over the domain. The trial function chosen is

X = ,/m. (6.73)

This choice enables most of the integrals to be performed analytically. Further, because | X |?
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converges to zero as 1/x?, the conducting planes can be neglected as these conditions are

enforced at large values of z as mentioned in Section 6.2. Performing the resulting integrals,

> oxX |° 1

2\ |04 _ 1
/Oo (1427 7| =73 (6.74)

* cos(a+0) +asin(a+6) o, 1
/OO 1122 | X|” dx ~ 7 Cos «, (6.75)
/ | X|* de = 1. (6.76)

In evaluating Eq. (6.75), the odd portion of the integrand vanishes. For nonzero values of
Xo, this would not be the case, and an additional term proportional to sin @ would appear.
This would have the effect of shifting the argument of the cosine on the right hand side of
Eq. (6.75) by some angle, and it would change the the numerical coefficient. Both of these
effects would display a complicated dependency on the value of y,. In the present case, the
resulting integral is performed numerically due to the factors of cosd and sind that appear.
The resulting numeric integral is close to the factor 1/v/2. Upon performing the integrals,

the following equation results,

a a \Y? By w?
Povi \ 560, (AM) ST | T 9022, (6.77)

where the choice ¥ = Aj;/a has been made, consistent with earlier approximations. Factor-

ing B2, /B out and with the definition

(6.78)

1/2 1/2
CoS (v, = 2CQ@B§M (A—M) / = 2022 —(AMG) : 5
q* R

2
a B§ a

with ¢* = aBy/RBy, and defining I’ = w?a?/v3,, results in

=207 [ﬁt ( o 1) - 1] : (6.79)

COS Qv

and the instability threshold becomes

200t ()

a

Bom > (6.80)

COS Qv — COS Q.

The presence of a critical angle introduces an additional constraint that must also be satisfied,

namely that cosa, < 1, in order for the expression to be valid.
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Using the same procedure, the ballooning instability is examined in a snowflake divertor
for which it is appropriate to use a more rapidly converging test function, because of the
decreased shear present in the snowflake. It is also important that the test function not
converge too rapidly as this would maximize the energy created by line-bending in the

differential equation, resulting in robust stability. This motivates the test function

/3 1

Higher powers of 1/(1 + z?)™ have also been considered, but this choice gives the lowest in-

stability threshold. For the shear, the approximation given by Eq. (6.57) is used. Because of
the complicated form of s, all integrals are performed numerically. Using the same procedure

as in the standard divertor case results in the equations

YANY 2/3 Is  a COoSs (v I
=-(— C* | 28— —1) - = 6.82
( a ) [QﬁtAM COS I’ (6.82)
13 CLC'2
COS (v, = L Re? (6.83)
Bons > C?2 o> (6.84)

I, cosa — cos a,.

where the values of I; are given by

ox |

I = 1+s%)|—=—| d :
: /_OO( b ||, (6.85)
1 [ cosd—ssind ,_ o
I, =— — X" d .
=55 ) T XP s, (6.56)
1—1/001_“”|X|2d (6.87)
773/ 1+a? “ '
1 o0 1 + 82 2
and the expressions become
A\ 23
r=— <—M) % {6.04 B2 (COSO‘ - 1) - 31.5] , (6.89)
a Ay \ cos a,
o a
cosa, = 8.3C Re? (6.90)
RA
By > 43202 ——2° (6.91)

COS Qv — COS QU
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Relating the distance of closest approach of the flux surface to the null point, d, the width
of the SOL in the midplane, the equation, d® = 3A,a® results. Rewriting the instability
threshold for f3;, we see that it scales as

P

By > 14402 —Bt” (6.92)

COS Or — COS (.

If & = 0 and the critical angle is set to /2, this result agrees with the simple scalings first
reported by Ryutov et al.[46]. The critical angle, which can be traced to terms proportional
to derivatives of the Jacobian, is an effect due to the convergence of the field lines away from

the null point and could not be captured by the simple arguments previously reported.

6.4 Application to various devices

In the preceding sections, instability thresholds for the ballooning mode have been derived
which show the scalings and the dependence on the relevant parameters in both the stan-
dard and snowflake divertor configurations. The presence of a critical angle introduces an
additional requirement for instability. This has been shown to be caused by the variation of
the Jacobian with spatial position and is a geometrical effect due to the field-line topologies
encountered in the presence of a poloidal field null. In addition, there is the well-known re-
quirement that unfavorable curvature be present along the flux surface. A ballooning mode
instability in a standard divertor could be important if it leads to heat flux broadening. At a
more fundamental level, this theory places a limit on the steepness of the pressure gradient
and would place a lower limit on the characteristic width of the plasma in the private flux
region. This feature is also present in the snowflake divertor, with the addition that new
strike points can be activated through turbulent mixing caused by the nonlinear evolution

of the ballooning mode [46].

Table 6.1 sumarrizes the predicted limits for the following tokamaks: NSTX, DIII-D,
TCV, and an ITER-like device. Characteristic values for ¢*, a/R, and Aj;/R are given, and
C' is set to unity. From these values, the instability thresholds are computed for both the

standard and snowflake divertor configurations. The instability thresholds are given in the
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Table 6.1: Ballooning Instability threshold applied to various tokamaks

Standard divertor Snowflake divertor
Tokamak ¢ a/R Ay/R Q. Bp e Qe Bpi e
NSTX][39, 85, 86] | 1.60 0.80 7.1 x 107 86.6° 0.24 cosa, > 1 N/A
DIIIT-D[86] 3.17 040 2.1x107% 89.7° 0.36 70.7° 0.56
TCV[44, 85, 87] | 2.03 0.28 9.1 x 1073 88.6° 1.3 55.7° 5.0
ITER[84] 3 032 1.6x107* 89.9° 0.14 72.8° 6.8 x 1072

form
Boar > __Porre (6.93)

Cos v — COS Qv

with o, and S, given in the table. For NSTX in the snowflake case, the modes are robustly
stable. Even in the standard case, the threshold is large enough that instability would not
occur except during a large ELM event. For TCV, instability is, in principle, possible in
the snowflake case. However, the resulting threshold is too large to be realistic. From this
table, it is concluded that ballooning instability is not the cause of the large heat flux events
observed at the additional strike points in TCV. Considering DIII-D parameters results in
a slightly lower instability threshold due to a smaller SOL width, but the threshold found is
still too high to be of experimental relevance. For conditions relevant to ITER, the thresholds
are lower than for the existing devices both for the standard divertor and snowflake. This
is largely due to the much lower value of Ay;/R. The smaller SOL width used for ITER is
projected from a theory developed by Goldston and Eich [84] which scales well with existing

devices, while a generic value of ¢* is used.

This theory can also be applied in the private flux region in order to ascertain whether
these modes could be responsible for the observed heat flux width in this region. To make
comparisons, set cosa = 1 and assume cos o, < 1. The resulting values of Ay, justify the
latter assumption. Further, the quantity, Ays/a is now replaced with the dimensionless flux
function, 1. The resulting flux function can then be expressed in terms of the distance from
the null point, d, which is unstable, ¢ = d?/2a?* for the standard divertor and 1) = d®/3a® for
the snowflake. The pressure drive is assumed to be provided by plasma transported from the
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Table 6.2: Lower bound of flux width in private flux region during Inter-ELM operation

Standard divertor  Snowflake divertor

Tokamak | a/R  Bpy (Inter-ELM) i d (cm) I d (cm)

NSTX | 0.80 >6x 1073 5x107% 02  1x107? 5
DIII-D | 040  >35x107%  1x107" 7x107> 1x107? 3
TCV 0.28 ~6x 1073 2x107° 3x107% 1x107® 1

SOL towards the divertor region, so characteristic values for 3,); are used. The instability

thresholds then become
?  1a* ,

Ye = 22 < 1P (6.94)
for the standard divertor and
a3 1 a
Y = 35 < mf—%ﬁpM, (6.95)

for the snowflake. A ratio can then be defined of the unstable flux to the flux that character-
izes the SOL, i.e., u = 1./(Apr/a). This parameter is given so that as the field lines converge
away from the null point, a meaningful width near the divertor plates can be determined.
Again, attempting to select parameters relevant to existing devices, Table 6.2 presents both
the ratio, u, and the distance from the null point, d, that would be unstable in the private
flux region. The results found are likely too small to be of consequence to the SOL in the
absence of ELMDS. During an ELM, however, the value of S, can increase by a factor
of 10 — 30. In this case, the values of u for which instability occurs are greater than those
reported in Table 6.2 by factor of 100 — 900 for the standard divertor and 10 — 30 for the
snowflake. These results supply a lower limit to the observed widths of the heat flux in the
private flux region during an ELM event. To determine if this mechanism is indeed respon-
sible, the theory would need to compared in more detail with experimental data for a given
device. It would be necessary to account for the contraction of the flux as it moves from the

null point towards the divertor plates.
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CHAPTER 7

Axisymmetric instability in a divertor

A well known feature of the flute instability is that it can develop in strongly magnetized
plasmas [88]. This instability is well studied and its details are reported in various reviews,
e.g., [89, 76]. If the poloidal field vanishes identically everywhere, then the plasma is unstable
with respect to the toroidally symmetric (n = 0) flute mode because of the unfavorable
toroidal curvature present. Plasma convection in the form of toroidally symmetric “rolls”
would then ensue. If a small poloidal field is included, anchored to the conducting divertor
plates, stabilization will occur due to the bending of the respective field lines. Eventually,
at strong enough poloidal field, the plasma is stabilized. An analysis of the linear stage
of this convection in a model geometry is given in the Appendix in section A.3 with the
linear stage of the convection shown in Fig. A.4. This instability is similar to the Rayleigh-
Taylor instability and would ultimately lead to mixing of the plasma. In this chapter, this
axisymmetric mode is considered using the geometry of a standard and snowflake divertor

as described in section 6.1.

The present chapter is outlined as follows. In Sec. 7.1, a form for the axisymmetric
perturbation is given, and the MHD energy principle is simplified by observing the spatial
orderings relevant to the problem. Sec. 7.2 presents instability thresholds for the two

geometries, and a brief discussion is given at the conclusion of the section.
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7.1 Enmergy principle

In performing stability analysis, the ideal MHD energy principle [90] is employed in the form

2 We

oY, (7.1)
K= [olef av. (7.2)
o= [+ v-oEwm-1@xo+ L. @y

In the above expressions, & represents the plasma displacement from equilibrium and is
assumed to have harmonic time dependence with frequency w. The kinetic energy is equal
to —w?K, and the potential energy is comprised solely of a fluid term, W. The mass density
is defined by p, v is the ratio of specific heats, p is the pressure, j is the equilibrium current
density, Q = V x (§ x B) is the perturbed magnetic field, and B is the equilibrium magnetic
field. As in the preceding chapter, the perturbation is assumed to be localized to the vicinity
of the null point, and the boundary conditions at the conducting plates are unimportant.
The localization for the axisymmetric mode considered here occurs because of the increase
in the magnitude of the poloidal field away from the null point and is not due to the large
shear adjacent to the null that localizes the ballooning modes. At marginal stability, the

potential energy will satisfy the relation Wr = 0.

Perturbations are considered which are of the form,
€ x B/ =V9. (7.4)

Using the same geometrical description given in section 6.1, & is not related to ® and is left
as a free parameter. However, in the situation considered, the plasma motion in the toroidal
direction decouples from the motion in the poloidal plane and represents a stable, torque
mode. For this reason, { = 0 is chosen. With this choice and the previous relation, the
toroidal field remains unperturbed. This is necessary because it is energetically unfavorable
to perturb the toroidal field, which implies that the instability threshold is independent of
B;. Further, the analysis specializes to modes that are axisymmetric. From the previous

expression, it is clear that ® cannot depend on ¢, and with the choice that £ = 0, convection
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occurs only in the poloidal plane. This choice of perturbations automatically excludes other
possible unstable modes, leading the final instability threshold to be a sufficient but not a

necessary condition. Substituting Eq. (7.4) into Ohm’s law,
E="[Vd+¢xB,. (7.5)
c

Because axisymmetric displacements are considered and & = 0 is chosen, the two terms in
Eq. (7.5) are orthogonal. From these conclusions, the physical interpretation of ® becomes
clear: it is proportional to that portion of the electrostatic potential that gives rise to electric

fields perpendicular to the toroidal field.

From Eq. (7.4), the potential energy can be computed. To do so, the divergence of the
plasma displacement, the destabilizing pressure drive, and the perturbed magnetic field are
computed using the assumption that the toroidal field is well approximated by its vacuum

field. These quantities become

V€= <R) (V¢ x V), (7.6)

B,

2 (B wor 2 (B) o] oex (Lvor Bw)]. @
-3 lm (5 ):—%(%)2—;‘2} .

1 [81%2 0P 8R26<I>}

T BRI 0% 0x oy o

where the fact that B;R is constant in this approximation has been used. The destabilizing

(7.9)

pressure term is given by

R dp 8@

and the perturbed magnetic field by
Q=Vx <V<I>+£(VC><V<I>) X (VzﬁxVC)) , (7.11)
R 09
= 12
=VexV {BtJax} (7.12)
0 R 09 0 R 09
- Ve [c‘w (BtJax) ax (BtJax) ] (713)

Vi +
1 R?20® 0 [ R?0d
=57 (s (73 ) o (o) ™ (1)



The quantity Q x £ is found to lie in the toroidal direction. Since there is no toroidal
current, the current drive term in the potential energy vanishes. Observing the same spatial
orderings as before, |V log p| > |V log R?|, which implies that the plasma compression term,
vp (V- 5)2, can be neglected. With these simplifications, Eq. (7.3) becomes,

1 1 R?>dp [OR?0® OR?0d7| 09
W= [ avinac g {08 |5 o~ v o0

(5o (550)) et (R (550) W]}-

Further simplification exists if the ordering in Eq. (6.38) is observed. As before, x is

X (7.15)

+ 47 R?

chosen to be harmonically conjugate to ¢ so that |V¢| = |Vx|. Recalling Egs. (6.15) and
(6.19), leads to the relation that |V¢|* = |Vx|? = R/J. Thus, the potential energy becomes

1 {R2 dp {GRQ 0P OR? 8@] 0o

1
W = 100 e { T3 3 3y~ o o

CIC Rl | A

Next, the energy principle is cast in a scaled form using the same transformations given in

R3
T

section 6.2, i.e., v — CRaBpy and x — CRaBpyrx. The Jacobian is also transformed to

a dimensionless form and becomes 1/J — RBg v/ to yield

1 R0282 4 1 20 1 2 9P d
W — /d@/)dXdC {J m dp [Olog R?0®  OJlog R* 9 ]8

232 C2B2, dy | oy Ox ox Oy

A@ G (2]

It now remains to apply the precise geometry of the standard and snowflake divertors

to Eq. (7.17) using a scaled form of Egs. (6.48), (6.49), (6.51), and (6.52). After these

(7.17)

substitutions, the potential energy for the standard divertor reduces to

1 RC?B?
Wi =5 [dvdnac
87 dp \/§a 1/4 0D 0d | 00
{B2M@02R0 (2 +x?) / {COS(Q + 5)a — sin(a + 6) aw} (7.18)

+4(* + X°)

(2t ()
ooy P4 x? Ox ox? Y2+ x%0x ’
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where ¢ is given by Eq. (6.50) with m = 2. Choosing m = 3, the same expressions can be

substituted for the snowflake which leads to,

1 RC*B2),
Wp = 5 /dwdxdg Tna?B? X
87 dp 3*3a 9 o\ 1/3 0P ) 0o | 0P
{—BIQ)M a0 7Ry (v* +x%)" |cos(a + 5)a — sin(a + 5)% o (7.19)

PO 4 9D\ [P 4y 0D\’
8/3(,/2 2\4/3 = il il =
) [(awax+3w2+xzax) +(3X2+3w2+x23x> |

7.2 Instability threshold

In order to determine a meaningful instability threshold, the pressure gradient is specified
to be
dp

a0 = —pod (¥ — vo), (7.20)

with 109 = Ajps/a as before. This allows for the integral over ¢ to be performed for terms
proportional to the pressure. Using this property, an instability threshold can be determined
for both the standard and snowflake divertors for an arbitrary test function, ®. These

thresholds are

2 2
2 2 9%® ) 920 9%
2V2C%R, Jaxdv (0% +x7) {(awax + w%@@) + <6x2 + wﬁ%@) }
>

Jax (g +x2) 7 |cos(a +0) 57 —sin(a +0) g7 W5,
0 0
for the standard divertor, and
2 2 5 2
902R0 dedQ/J <¢2 + X2)4/3 |:(£lf_g>x %¢21-+p-x2 ?9_;1:) + (27% + %w2—>‘f-x2 g_;i()) :|
Bors > a 9 o\1/3 Py ] o o . (7.22)
Jax (g +x2) 77 |cos(a +0) 5, —sin(a +0)g; w5l
0 0

for the snowflake.

A trial function must now be chosen subject to the localization condition. In the poloidal
direction, the mode is assumed to be localized over some distance d from the null point. This
position corresponds to the poloidal coordinate through the relation y = 4+xo where xo =
d?/2a? for the standard divertor and yo = d*/3a® for the snowflake. With this orientation,
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it is required that both ® and its first derivative with respect to x vanish at y = +£xo
and that ® vanish as ¢» — £o00 in order to prevent complications arising from branch cuts.
To motivate the form of the trial function, it is important to observe that if 0®/0x = J,
then the magnetic compression term vanishes, and the system is unstable for any nontrivial
value of f,y,. For this reason, a trial function is chosen such that 0®/0x is the Jacobian
multiplied by another function which allows the boundary conditions to be satisfied. This
other function is chosen to be similar to the form of the eigenfunction found in the model

problem and given by Eq. (A.33).

Considering first the standard divertor, the trial function is

o TG

Fx, 1) = sin <ﬂ) exp (—M> . (7.24)

X0 X0
This trial function and its first derivative with respect to y vanish at —xo. At x = xo, @

where

vanishes because the integrand is odd, and 0®/0Jx vanishes because f(xo,%) = 0 by design.
Substituting the previous equation into the instability threshold given in Eq. (7.21) and per-
forming the necessary derivatives, the numerator is vastly simplified and the integrations can
be performed analytically, while the denominator must be evaluated numerically. To obtain
a qualitative estimate, o = 0 is chosen to maximize the instability drive. Upon performing
these substitutions and scaling the poloidal integration variable in the denominator through
the relation, x = x/xo, it can be shown that the instability threshold reduces to

N2 C? Ry [ Anr) >
p?Isq a \ a ’

Bpm > (7.25)

where

Lcos (2 tan™t (z/p)) sin® 7
Isq = / G 3/21 dz
-1 (2 + p2)

1 : (1 t —1 ( / )) . T . (726)
S11 5 an T/W))SITT MSI Ty
" /1 (/1 ( dy)] o

(a2 + pu2)'/* y? + pu2)*”
where Is; depends on a single parameter, u = 1y/x0 = 2Apa/d?. For u = 0.333, the
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instability threshold has a minimum of

Ro (An )"
Bons > 19 C2 =2 (—M) , (7.27)
a
which implies that the mode has a poloidal extent of d/a = 2.5 (A /a)/?.

Applying the same procedure to the snowflake divertor, and choosing the trial function

_ X, 9)
cp_/_ W A (7.28)

with f defined as before in Eq. (7.24) leads to

to be

1871'02 RDAM
2
Pt > plsy  a® ' (7:29)
where
Lcos (2tan™! (x 7] sin® rx
Isy :/ & in—/ ) dz
-1 G
(7.30)

4 [ |sin(3tan! (z/p)) sinTa T sinmy
+gH EENIE s W] dr
-1 (22 + p?) ~1(y? + p?)

For the snowflake divertor, the parameter, p, relates to physical scales through the relation
w=1g/xo = 3a2Ay/d3. For = 0.100, the instability threshold has a minimum of

R()AM

Boar > 170 C?———
CL

(7.31)

which implies that the mode has a poloidal extent of d/a = 3.1 (A /a)/?.

If comparison between the instability thresholds for the axisymmetric mode, Eqs. (7.27)
and (7.31), and that of the ballooning instability, Eqs. (6.80) and (6.91), it is seen that
the instability thresholds scale with device parameters in the same manner. The dimension-
less, numerical coefficient in the instability threshold for the ballooning mode is lower than
that derived for the axisymmetric mode. For this reason, the instability threshold for the
axisymmetric mode is also not satisfied for the machine parameters outlined in section 6.4,
and the ballooning mode is more likely to exhibit instability in a given device. This analysis
suggests that MHD instability is unlikely to account for the convective mixing observed on
TCV [44].
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CHAPTER 8

Conclusions

Experimental results from the investigation of the ion-ion hybrid resonator in the Large
Plasma Device (LAPD) at UCLA are analyzed. Long-lived modes are found with quality
factors of roughly 20. A full-wave description that models the cold plasma response but
neglects coupling to the compressional wave, finite ion temperature effects, and radial gra-
dients in the plasma, predicts the observed resonant frequencies and is consistent with the
measured radial shape of the resonator modes. Dissipation due to electron collisions is in-
cluded in the model, and the predicted quality factors are an order of magnitude larger than
those found experimentally. An assessment of radial convection of the wave energy due to
finite ion temperature effects and coupling to the compressional mode is made using a ray-
tracing approach. The rays are shown to experience a radial reflection as they approach the
parallel reflection point. At small values of k|, those least affected by electron collisions, the
perpendicular refraction in the reflection layer is pronounced, and the wave energy convects
towards the edge of the plasma. An estimate of the dissipation due to radial convection
shows that the quality factors are too large by a factor of 5. Ion-neutral collisions, ion-
cyclotron damping, and electron Landau damping are all unlikely to explain the observed
dissipation. Further investigation should consider the inclusion of radial gradients coupled
with mode-conversion to ion-Bernsten waves as a possible explanation. Another possibility

is transit-time acceleration experienced by electrons in the reflection region.

Ray-tracing studies are also performed for a pure toroidal field relevant to the Enormous
Toroidal Plasma Device (ETPD). It has been demonstrated that for rays propagating along
a curved field line, field-line curvature effects preferentially increase the component of the

wave vector in the direction opposite to the curvature of the field line. This effect coupled
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with a zero in the perpendicular group velocity leads to radial focusing. The radial focusing
of the wave enhances energy trapping in resonators that exist along a field line where the
curvature is predominantly in one direction. These effects are present for both a cold plasma
and for finite ion-temperature. The introduction of finite ion temperature complicates this
picture by introducing additional radial reflections in the perpendicular group velocity. As

k., evolves along the ray trajectory, a single ray can experience each of these reflections.

When ion temperature effects are negligible in a tokamak fusion device, as may be the
case for edge conditions, the ray tracing studies show that a resonator can exist. The effects
of field line curvature cause the ray to be focused radially allowing for many reflections which
largely retrace each other. However, when ion temperature effects are included, this picture
is altered, because the parallel reflection point now becomes a function of k. From a one-
dimensional WKB formulation, it is seen that magnetic shear and curvature cause coupling
to the ion-Bernstein wave. This causes the size of the well to increase for a given frequency,
and the eigenfrequencies of a given mode shift to lower frequency as the ion temperature

increases.

The one-dimensional WKB model is also used to assess kinetic damping and possible
instability due to interaction with fusion-born alpha particles in a tokamak fusion device. It
is determined that roughly 20 modes are weakly damped over the radial extent of the plasma
with frequencies lying in a narrow bandwidth just above the local ion-ion hybrid frequency
on the outboard side. These modes are largely limited by electron Landau damping. For
mode numbers roughly greater than 20, ion cyclotron damping causes the modes to be
heavily damped, preventing the formation of a resonator mode. It is determined that the
resonator modes are confined poloidally to the outboard side, spanning a poloidal angle of
10-50 degrees. Instability by fusion-born alpha particles can result in roughly three e-foldings
of amplitude increase in one pass through the resonant cavity and occurs for a bandwidth
of roughly 600 kHz above the local ion-ion hybrid frequency on the outboard side. If the
effects of shear and magnetic curvature are included, detuning from the drive provided by
the alpha particles can occur. Further investigation of these effects with the use of state of

the art codes is warranted.
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Cherenkov radiation by a charged particle burst in a two ion species plasma is also consid-
ered. The wake pattern is obtained for the inertial and kinetic regimes of wave propagation.
Due to the presence of two ion-species, the Alfvén waves propagate within two different
frequency bands separated by a gap. One band is restricted to frequencies below the cy-
clotron frequency of the heavier species and the other to frequencies between the ion-ion
hybrid frequency and the cyclotron frequency of the lighter species. The radiation pattern
in the lower frequency band is found to exhibit essentially the same properties reported in
a previous study [50] of a single species plasma. However, the upper frequency band differs
from the lower one in that it always allows for the Cherenkov radiation condition to be
met. The methodology is extended to examine the Alfvénic wake of point-charges in the
inertial and adiabatic regimes. The adiabatic regime is illustrated for conditions applicable

to fusion-born alpha particles in ITER.

In considering MHD stability in the plasma in the divertor of a tokamak, sufficient insta-
bility thresholds for both ballooning modes and axisymmetric, quasi-flute modes are deter-
mined. The resulting thresholds are applied for the parameters of three tokamaks: NSTX,
DIII-D, and TCV. It is determined that these modes should be stable in these three devices.
From this stability, it is concluded that MHD instability is unlikely to explain recent exper-
imental results [44] which suggest that convection is occurring close to the null point of the
divertor. This suggests that MHD theory is unable to account for this transport provided the
assumptions made in the analysis are correct. The precise form of the pressure distribution
in the vicinity of the null point is unknown. One weakness of MHD is in the assumption
of an equilibrium in which the pressure is assumed to be constant on a flux surface. In the
divertor region, pressure gradients exist between the plasma in the scrape-off-layer in the
midplane and the plasma adjacent to the divertor plates. These gradients coupled with the
weak poloidal field present in the vicinity of the null may make it impossible to describe
the plasma equilibrium, if it exists at all, in the framework of MHD theory. Even if the
pressure distribution could be described as a flux function, the precise pressure distributions
assumed in the analysis may also not be correct. Specifically, a nonzero pressure gradient

present on the separatrix (and on the null point) may drastically alter the results reported
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here. However, the analysis provides a framework in which future work can be performed.
From the discrepancy between theory and experiment, it is determined that the underly-
ing assumption of a valid plasma equilibrium is likely not valid, and future work should be

concentrated in this area.
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APPENDIX A

MHD Stability in a model geometry

A.1 Model geometry and correspondence to divertor

The geometry of the flux surfaces present in a snowflake divertor is shown in Fig. A.1. The
horizontal axis is the radial coordinate and is expressed in terms of x where r = R+ z, R
being the major radius of the B, = 0 circle and r, the radial distance from the major axis.
The vertical axis, z, runs parallel to the major axis, though the divertor could be rotated
through an arbitrary angle. The toroidal coordinate lies into the page. The black and red
lines represent the nested magnetic flux surfaces with the thicker black lines representing
the separatrices. The thick green segments are representative of the divertor plates upon
which heat is deposited due to the streaming of the plasma along the field lines. The core
plasma is contained in the top sextant with the two adjacent sextants containing the scrape
off layer (SOL). The three remaining sextants in the lower half plane are private flux regions
and are largely isolated from the remainder of the plasma in the absence of instability. With
the orientation shown in the figure, private flux regions 1, 2, and 3 have portions of the flux
surface which experience unfavorable curvature, and as a result, these flux surfaces could be

unstable.

A somewhat simpler geometrical description can be adopted as a model problem to
examine the features relevant to stability. This geometry is shown in Fig. A.2. The horizontal
axis is the radial distance from the major axis of the device, and the vertical axis lies along
the major axis, represented by the dashed-dotted line, which is defined to be the 2z direction.
The plasma is shown as the gray shaded region. In the figure, the toroidal field, B, is

into the page and indicated by the blue “x”es, and the poloidal field, B,, is vertical and
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Figure A.1: Flux surfaces of snowflake divertor. Horizontal axis is radial distance from the
null point. Green segments represent divertor plates, thicker black lines are separatrices,
and thin curves are flux surfaces. If red lines are stretched vertically and the divertor plates
marked by asterisks are reoriented, the geometry reduces to Fig. A.2 which is possibly

unstable. We specialize to sextant 2. Sextants 1 and 3 may also be unstable.
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Figure A.2: A simplified geometry of Fig. A.1. Vertical axis is major axis, indicated by the
dashed-dotted line, and the horizontal axis is radial distance from the major axis. Shaded,
gray region is an annulus of plasma. Blue “x”es represent the toroidal field that points into
the page. Poloidal field is represented by the red lines. Conducting plates are represented by
the thick green segments. The plasma stability is determined by the value of 5, and distance
between plates. Asterisks are used to make connection to Fig. A.1.
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indicated by the red lines. In the vertical direction, the plasma is limited by conducting
plates, illustrated by the green segments. In the presence of a vertical field, the line-tying
boundary conditions can stabilize the plasma. To make connection between the general
divertor geometry and the simplified geometry, two divertor plates have been marked by an
asterisk in both Figs. A.1 and Fig. A.2. Focus is given to the private flux region in Fig. A.1
that has red lines with the other private flux regions ignored. If the orientations of the two
plates in Fig. A.1 are changed such that they are parallel to each other and the connecting
flux surfaces are rectified, Fig. A.1 is transformed into Fig. A.2 with the asterisks marking
the position to which the plates have shifted. In making the transformation, the orientation
of the coordinates is chosen such that the vector z points in the vertical direction, the vector
r points to the right, and the toroidal direction, qAb, points into the board. The divertor
plates exist as planes located at z = 0, L, at which the appropriate boundary conditions
must be imposed. This is in contrast to the instabilities considered in Chapters 6 and 7
where localization of the mode occurred as a simple consequence of either the shear near the
null or the rapid increase in the poloidal field strength. In the model geometry, the boundary

conditions at the divertor plates are necessary to stabilize the system.

In the simplified geometry, a general equilibrium presents no great complication. For this
reason, an equilibrium is considered in which both a toroidal and poloidal current density

are present. In this case, the equilibrium is now defined by

dp B, B

Al
dr c c (A1)
This allows the pressure to be partitioned into two functions, p, and p;, satistying dp,/dr =

JiBy/c and dp;/dr = —j,B;/c. Using Ampere’s law and solving for the fields leads to

Bﬁ(r) = B;O — 8mp,(r), (A.2)

7o\ 2 "dpe (N2
B2(r) = B (70) 8 / d—rf<?) dr, (A.3)
To

where now, the poloidal field is no longer curl free. It is still assumed that §; < 1, which
allows the toroidal fields to be approximated by their vacuum case and the integral in Eq.

(A.3) to be neglected.
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Figure A.3: Instability threshold for ballooning modes with a vertical poloidal field and
azimuthal toroidal field. Horizontal axis is the product of the shear, s, given by Eq. (A.8)
with the distance between conducting planes, L, divided by the major radius, R. The vertical
axis gives the instability threshold for the parameter, a, given by Eq. (A.9) multiplied by

L?/R?. Instability exists when parameters fall above the curve.

A.2 Ballooning instability in model geometry

Consider now the case of a straight poloidal field with no null, i.e., the m = 1 case in Section
6.1. Instead of the designation that V)| = |Vx|, choose that ¢ = [ RB,dz' and x = =.
The Jacobian is J = 1/B,. In order to have a valid equilibrium, R must be aligned with the

zr-axis and a = 0. Computing first the gradient of the eikonal, it can be shown that

1 B
o | B
k, = N {RBJ (z — 20). (A.5)

Since the curvature is solely in the normal direction with no geodesic curvature present,

B? |
—Ré2x. (A.6)

Kr =
Substituting these expressions into Eq. (6.28) gives
W(¢)_/ dz 1+ %Z/(Z_Z) i a_XQJF@B_tQﬂ/X’?
~ ] R?B, B v 0 0z B? B2pR

where, in this case, v = B;/RB, and a prime denotes a derivative with respect to R which
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is equivalent to a derivative with respect to z. Defining the following parameters,

B, dlogv
== A.8
T BdlogR’ (4.8)
B? | dlogp
_ A.
@ ﬁpBQ dlogR|’ (A-9)

and scaling the z coordinate to the distance between the plates, L, by making the transfor-

mation, 2z’ = z/L, the potential energy can be rewritten as

v~ [ g (1 (e -) )5

Again, a differential equation can be found which governs the eigenfunctions that exist at

(o (2))

with X on the domain, 2’ € (—1/2,1/2). From the potential energy formulation, the shear

2 LQ )
- SalXP|. (A.10)

marginal stability,

L2
+ gz X =0, (A.11)

0z

term is to be minimized, so 2z, = 0 is chosen. If the shear is negligible, the most unstable
mode is given by

X = Ccos(n2), (A.12)

and results in the instability threshold that

2 R?

o > 2

(A.13)

Figure A.3 displays the instability threshold as a function of shear. It is assumed that the
poloidal field is constant with radius, that the poloidal field is small relative to the toroidal
field so that B; =~ B, and that the toroidal field is well approximated by its vacuum solution,
i.e. that B; < 1, then s = —2. To arrive at a numerical estimate, take R/L = 5. This gives
the instability threshold of a > 252. The derivative, |dlogp/dlog R| = R/L,, where L, is
the characteristic length scale over which the pressure gradient drops. Taking this to be the

width of the SOL in TCV, 8 mm, the instability threshold results in 3, > 2.3.
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A.3 Axisymmetric mode in model geometry

As mentioned previously, in considering the axisymmetric mode in this model geometry, the
boundary conditions at the divertor plates are important. The divertor plates are assumed to
be perfect conductors, and so, line-tying boundary conditions are appropriate. From Ohm’s

law, it can be shown that this requires

£T’|z:0,L =0, €Z|z:0,L =0, (A.14)
) )

i =0, oo =0, (A.15)

aT 2z=0,L (‘92 2=0,L

where the conducting plates are located at positions, z = 0 and L. Equation (7.4) relates

the components of £ to the function, ®.

From Eq. (7.3), the potential energy can be computed. To do so, the perturbed magnetic
field and the divergence of the plasma displacement are computed using the assumption that

the toroidal field is well approximated by its vacuum field. These quantities become

2 8<I> 2
V-£= "B o: & (A.16)
_ B, 10 (rB,02\ _ 06 10
Q=592 Lar <E$)— Bige ~2rg rB&). (AID)

These expressions are then combined with the equilibrium current distribution

2 i%i (rB;) — fbg (A.18)

where the general equilibrium given in section A.1 is assumed. Substituting the previous

relations into the energy principle gives rise to the following equation for the potential energy

C [l2we  edp, Bl [0\ [(10(r&)\’
WF_/[ r2 +75+8_w<<5> +(F ar )

where the pressure partition made in Sec. A.1 is used to reduce the quantity, d(p—i—Bz /8m)/dr

av, (A.19)

to dpy/dr, where p; is that portion of the plasma pressure which is confined by the toroidal
field. The boundary condition that £, = 0 at the divertor plates and the relation in Eq. (A.16)
coupled with integration by parts have been used to obtain the form shown in Eq. (A.19).

At this point, further simplification can be made if it is assumed that the perturbations are
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localized at a radius much larger than any other scale length in the problem. This is valid
because the pressure variation in the divertor region is very rapid compared to R. This
assumption allows the first term in Eq. (A.19) to be neglected in favor of the second term

and to expand derivatives in 7 using the relation r = R + x to lowest order in 1/R. If this
is done, Eq. (A.19) becomes

Crledn B2 (foe N\ [oe\?
WF—/ §a+§<(az) *(ax)

The first term in the integrand above is the source of free energy which drives the instability.

av. (A.20)

Next, it is useful to consider the resulting Euler equation associated with the energy
principle. This can be done either from the energy principle or directly from the equations
of motion from which the energy principle is derived. Either way, the same equation results,
and it is more easily expressed in terms of the function, ®, than in terms of .. The resulting
differential equation is

2 2 2 2
pw 0 1 dpy B, _, d ([ B\ 00

| —==Vo — |-+ =VOo+ —(— | —| = A.21
v [2v]+822{Rdx +87rv * ’ ( )

where V = x0/0x +20/0z. This equation is inseparable in general, i.e., the solution cannot
be written as a product of a function of x and a function of z. This makes it difficult to
obtain the normal modes when not at marginal stability. Semi-analytic methods exist to solve
non-separable problems [91], however, since this is a model problem, such a sophisticated

treatment is unwarranted.

The problem is separable if the conducting plates are removed and the plasma is assumed
to be of infinite extent. A Fourier decomposition can then be performed in the z direction

so that &. oc exp(ikz). For this case, Eq. (A.21) becomes

0 [(p? Bp\o®] [ldp o (pw® B\,
a—x[(m—g—w o) R FlaE e )70 (A.22)

For Fourier harmonics that satisfy w?/k? > Bﬁ /4mp, the terms proportional to Bﬁ can be

neglected. Recasting in a variational form,

2 Ldpe 1@ da
S |52 + w2l0p] de
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where the denominator is positive definite, because it relates to the kinetic energy contained
in the perturbation. The numerator can be made negative so long as ¢ is localized to a
region for which dp;/dz is negative. From this, it is concluded that without the stabilization
of the conducting end plates, this situation is unstable to modes of long wavelength in the

direction of the poloidal field.

If the plates are included, the problem is also separable if marginal stability is considered.
To illustrate this, a rapid pressure drop is assumed which can be approximated by a delta-
function pressure gradient. When this choice is made, Eq. (A.21) is separable at marginal
stability and can be solved exactly. Here, the poloidal field is allowed to vary and p; # p.

Thus, the pressure gradient is

dp;

—— = pwo(x). A.24

A Prod () ( )
Bpia z <0

B, — | (A.25)
BpO; x>0

where pyy now represents the amount of plasma pressure confined by the toroidal field, and
B, and B, are the values of the poloidal field on each side of the pressure drop. The

problem is reduced to solving the equation

% [pw B? d [ B2\ 0®
d Py2p 4 — [ 2 ) 2| = A2
022 | R (z)® + 87TV T (8%) 835} 0 (A.26)

subject to the boundary conditions in Eq. (A.15). The delta-function gives a jump condition
for ® which must be satisfied by connecting the two solutions on either side of the discon-
tinuity. Away from the gradient, the equation reduces to Laplace’s equation for the second

order derivative of ® with respect to z. The solutions are easily written as

27? = —Ek*f1(z) cos(kz) — k2 fo(x) sin(kz), (A.27)
(Z—(f = —kfi(z)sin(kz) + kfo(x) cos(kz) + kf3(x), (A.28)
O = fi(x)cos(kz) + folz)sin(kz) + f3(x)kz + fa(x). (A.29)

Applying the boundary conditions leads to the solution

¢ = f(z)[(kL —sinkL)(1 —coskz) — (1 —coskL)(kz —sinkz)], (A.30)
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where f(z) is defined later, and k is determined by the condition that 0®/0z must vanish
at z = L. This gives two different quantization conditions for & which depend on whether ®

is even or odd about z = L/2. The quantization conditions for k are

kL
sin 5 = 0 (even), (A.31)
kL kL

The most restrictive condition is given by the longest wavelength. For the even mode, the
longest wavelength solution is kL = 2w, and for the odd mode, kL = 2.86 w. Thus, the
most restrictive instability threshold is given by an even mode, and kL = 27 is assumed
in the analysis that follows. Further, from the differential equation and the requirement
that the plasma displacement is radially localized, the function, f(z), must be a decaying

exponential, exp(—k|z|). Having determined f(z), the form of ® at marginal stability is
d = Bpe Ml (1 — coskz). (A.33)

Finally, the jump condition is determined by integrating Eq. (A.26) on the interval (—e¢,¢)
and taking the limit as e — 0. This gives the condition that

B? 53¢
_p =
A (% 2 833) 0, (A.34)

Pw 80
R 022

=0
where A denotes the difference in the limit of the function as z = 0 is approached from both

the right and the left. Substituting in the form of ® results in

8mpio ( By, )
> kR |1+ , (A.35)

where the inequality is added at this point as a sufficient condition for instability. It is clear
that if L — oo, k — 0, and the plasma is inherently unstable, as is expected. If B,; = By,
then py can be replaced with py with all of the pressure being confined by the toroidal field,

and this reduces to
87po

If, on the other hand, the poloidal field is confining as much of the plasma pressure as it

> 2kR. (A.36)

possibly can, B,;/B, < 1. Recalling the pressure partition of Sec. A.1, pyo = pyp — ppo. In
194



0.8t

061

z/L

0.4}

0.27

—0:2 0 0.2
x/L

Figure A.4: Perturbed plasma surfaces of most unstable, axisymmetric mode at marginal
stability. Vertical axis is z-coordinate scaled to distance between plates, L. Horizontal axis
is the distance from the peak in pressure gradient scaled to distance between plates. Dashed
black lines are the equilibrium plasma position, and solid blue lines are the perturbed plasma
displacement as given in Eqgs. (A.38) and (A.39). Scale of horizontal plasma displacement is
exaggerated for visibility. In the nonlinear stage, mode drives poloidal convection and would

lead to transport of heat flux.

this limit, 87p, /By, = 1. If this is the case, the instability limit becomes

87Tp0

> kR+ 1~ kR, (A.37)

where in the approximate expression, it is assumed that R > L.

From @, the functions &, and &, can be computed and are

& = ﬁ@ge_km sin kz, (A.38)
B,
k
& = —mfboe’km (1 —coskz), (A.39)
t
where
x
sgn(z) = —. (A.40)
|z]

The discontinuity in &, at © = 0 is characteristic of the Rayleigh-Taylor instability. Figure A .4

shows the displacement that occurs in the linear stage of the instability. The black dashed
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lines represent equilibrium plasma surfaces, and the solid blue curves show how the plasma
is displaced as the instability grows. The conducting planes are placed at z = 0 and z = L.
The instability decays away from the pressure gradient in the xz-direction as can be seen in
the figure. It is obvious from this picture that this instability will lead to convective mixing

of the plasma and increased transport across field lines.

Using the same parameters as in the previous section, i.e., R/L = 5, the most restrictive
instability condition is given by £, = 8mpy/ Bgo ~ 30, much greater than that derived for
the ballooning instability. Finally, a comparison of the present analysis to the gravitational
instability is warranted. Previous work examined convection in a plasma in the presence of
a horizontal magnetic field and a vertical gravitational force in order to model the Rayleigh-
Taylor instability for a magnetized fluid. Newcomb [92] has shown that the Schwarzschild
criterion for convection in a compressible, ideal fluid holds even for an electrically conduct-
ing fluid in the presence of a horizontal magnetic field. The irrelevance of the strength of
the magnetic field to the convection criterion reflects the fact that flute modes are driving
the convection. The gravitational force in that problem plays the role of the toroidal cur-
vature pressure term that appears in the analysis presented here. Zweibel and Bruhwiler
93] extended these ideas by performing the calculation within a vertical slot with line-tying
boundary conditions enforced at the two planes. Their work most closely resembles the work
presented here. The difference is that they consider a situation where there is no component
of the magnetic field parallel to the plates, only the normal component. With the inclusion
of a strong horizontal field oriented parallel to the plates, a correspondence can be shown
between their work and the analysis in this section. The presence of a strong guide field

serves to make the plasma incompressible, leading to stronger plasma stability.
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